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Preface

This book has a long history. It originated in the 1990s as a set of lecture notes,
in Italian, for my Econometrics course, and gradually grew into a text that I
could use to give students something that could be “read” as well as “stud-
ied.” That version had mainly two merits: (a) it was freely downloadable,
and (b) it was one of the few tutorials on time series econometrics available in
Italian. As a result, it was used by quite a few people in the Italian econometric
and statistical community.

The need for an English translation grew stronger and stronger over the
years, but I really didn’t feel up to the mammoth task it entailed. Fortunately,
at some point, my benefactor Giulio Palomba stepped in and gave me a draft
translation in which 90% of the work had already been done. Thank you, bro.
I owe you one.

So I seized the opportunity and revised the draft, not only in terms of
language but also in terms of content. Those familiar with the Italian version
will notice several changes here and there (hopefully, for the better): most
examples were updated, some material was added, some was ditched. The
book’s structure has changed a little, too. That said, please note: this is not
finished work. Any feedback is appreciated, and I’ll try to do my best to in-
corporate any suggestions you may have. That goes, of course, for the English
too: I’m not a native speaker, so some sentences may sound a little awkward.
Again, advice and corrections are very welcome.

My main goal has always been to describe various concepts in an intuitive
way and to try to motivate definitions and main results as explicitly as pos-
sible. At the same time, I tried to avoid being too technical: most chapters
contain a final section, called “Assorted results”, for the material that was
not indispensable, but nice to have around just in case the reader wanted to
dig a little deeeper. Also, I tried to limit references to the literature as much
as possible and confine bibliographical references to a final chapter, which
would also serve to guide the reader through the mare magnum of time series
econometrics.

Over the years, I have received a great deal of feedback from many people,
whom I would like to thank for helping to improve its contents. Among my
peers, I would like to mention in particular (without holding them respons-
ible for any remaining errors) Gianni Amisano, Marco Avarucci, Emanuele
Bacchiocchi, Nunzio Cappuccio, Francesca Di Iorio, Luca Fanelli, Massimo
Franchi, Carlo Favero, Roberto Golinelli, Diego Lubian, Giulio Palomba, Mat-
teo Pelagatti, Eduardo Rossi, Maurizio Serva, Stefano Siviero, and Gennaro
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Zezza. Carlo Giannini deserves a special mention because, without him, I
would probably have done something completely different with my life, and
these lecture notes would never have existed. I would certainly have been a
worse person. And, of course, I must also thank the hundreds of students
down whose throats these lecture notes were forced.

All the examples in the book are worked out using gretl, which wouldn’t
exist without my friend Allin Cottrell and the rest of the gretl development
gang. Thank you, guys.

As for the prerequisites, I assume that readers already have a certain de-
gree of familiarity with the main concepts of probability (random variables,
expected values, conditioning, and various notions of convergence), with OLS,
and with some basic concepts of estimation theory, such as identification and
the properties of estimators. Therefore, those who have no clue what I’m talk-
ing about might as well close this text right here and go hit the books. The
rest of you, make yourselves comfortable, and let’s get started.

Some passages are written in a smaller font and
arranged in two columns, like this one. They
are not essential and can be skipped without

affecting your understanding of the rest. But
then, if I wrote them, they must serve some
purpose. It’s up to you.

This work is licensed under a Creative Commons
“Attribution-ShareAlike 3.0 Unported” licence.

https://creativecommons.org/licenses/by-sa/3.0/deed.en
https://creativecommons.org/licenses/by-sa/3.0/deed.en
https://creativecommons.org/licenses/by-sa/3.0/deed.en
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Chapter 1

Introduction

1.1 What is a stochastic process? What is it good
for?

The data we use in econometrics generally fall into two categories: cross-
sectional, when the available observations are relative to different individuals,
or time series, when what we have are observations, on one or more variables,
collected over time1.

In the first case, thinking of a set of N observed data as one of the pos-
sible realisations of N independent and identical random variables is not too
unsustainable a hypothesis: when recording the weight and height of N indi-
viduals, there is no reason to think that

1. the physical characteristics of the i-th individual are in some way con-
nected to those of the other individuals (independence);

2. the relationship between weight and height that holds for the i-th indi-
vidual is different from that which holds for all the others (identity).

In these cases, we use the concept of the realisation of a random variable as
a metaphor for the i-th observation, and the appropriate inferential apparatus
is no different from the elementary one, in which independence and identity
allow us to write

f (x1, x2, . . . , xN) =
N

∏
i=1

f (xi),

that is, that the density function of our sample is simply the product of the
density functions of the individual observations (which are all the same).
When we use linear regression, this framework substantially leads us to the
so-called “classical assumptions”, extensively analysed at the beginning of any
Econometrics course. Note that this type of reasoning is perfectly appropriate
in the cases where the observed data come from a controlled experiment, of
the type of those used by physicians or biologists.

1In fact, an intermediate case is given by the so-called panel data, but we do not deal with it
here.

1



2 CHAPTER 1. INTRODUCTION

When data are time series, however, there is a basic conceptual difference
that requires a revision of the probabilistic concepts to be used as a metaphor
for the data: time has a direction, and history exists. Indeed, the natural
tendency of many phenomena to evolve smoothly over time suggests that the
data observed at a given time t is more similar to that recorded at time t − 1
rather than in distant periods; in practice, it can be said that the time series
we observe possesses some degree of “memory of itself”. This characteristic is
generally known as persistence, and it sets time series data apart from cross-
sectional ones, because in the former the order of the data is of fundamental
importance, while in the latter it is completely irrelevant.

The tool we use as a probabilistic metaphor for the observed time series
is the stochastic process. A non-rigorous definition of a stochastic process,
which is intuitive and substantially correct for our needs, can be the follow-
ing: a stochastic process is an infinitely long sequence of random variables or, equi-
valently, a random vector of infinite dimension. A sample of T consecutive
observations over time is therefore not conceived as a realisation of T distinct
random variables, but rather as part of a single realisation of a stochastic pro-
cess, whose memory is given by the degree of connection between the random
variables that it contains.

1.2 Characteristics of Stochastic Processes

The definition above (where I cunningly avoided a series of technical com-
plications) implies several properties of stochastic processes that are rather
important for our work: given a stochastic process whose t-th element2 is
denoted by xt,

• conceptually, it is possible to define a density function for the process
f (. . . , xt−1, xt, xt+1, . . .);

• it is possible to marginalise such a density function for any subset of its
components; from this it follows that the marginal density functions are
defined for each of the xt, but also for any pair of elements (xt, xt+1),
any triple and so on; furthermore, the fact that the observations may not
be independent of one another implies that the sample density can no
longer be written as a simple product of the marginals;

• if moments exist, it is possible to say, for example, that E(xt) = µt,
V(xt) = σ2

t , Cov(xt, xt−k) = γk,t and so forth;

• in the same way, it is possible to define conditional distributions, with
objects like f (xt|xt−1), and possibly the relative moments.

The properties I just described refer to stochastic processes as probabil-
istic structures. However, when we want to use these structures in inferential
procedures, two main problems arise:

2To be pedantic, we should use two different notations for the whole stochastic process, and
each generic element in it. If the latter is denoted by xt, the process to which it belongs should be
written {xt}+∞

−∞. I consider this refinement superfluous, and I will use the same notation both for
a process and for its t-th element; no confusion should arise.



1.2. CHARACTERISTICS OF STOCHASTIC PROCESSES 3

1. if what we observe is just one segment of a single realisation of the many
possible ones, the logical possibility of making inference on the process
cannot be taken for granted: there is no way to tell which features of the
observed time series are specific to that realisation, and which instead
would recur even when observing other, equally possible, ones;

2. even if it were possible, somehow, to use a single realisation to perform
statistical inference on the characteristics of the process, it is necessary
for it to be stable over time. In other words, the probabilistic features of
such a process must remain unchanged, at least relatively stable.

These two issues lead to the definition of two properties that stochastic
processes may have or may not.

Stationarity We speak of a stationary stochastic process in two senses: strong
(or strict) and weak stationarity.

To define strong stationarity, let us examine any possible subset of the
random variables in the process; these do not necessarily have to be
consecutive, but to help intuition, let us pretend that they are. Let us
consider, therefore, a ‘window’ of length k on the process, that is a subset
defined as Wk

t = (xt, . . . , xt+k−1). Clearly, this is a k-dimensional random
variable, with its own density function which, in general, may depend
on t. If, however, it does not, then the distribution of Wk

t is equal to
that of Wk

t+1,Wk
t+2 and so on. We this invariance holds for any k, we

speak of strong stationarity. In other words, when a process is strongly
stationary, the distributional characteristics of all the marginals remain
constant over time.

Weak stationarity, on the other hand, concerns only windows of length
2, W2

t = (xt, xt+1), and implies the further requisite that the first two
moments exist. In this case, we don’t require all the pairs W2

t = (xt, xt+1)
to have the same distribution: we just want their means and covariances
to be the same.3

Despite their names, one definition does not imply the other; for ex-
ample, a process can be strongly stationary but not possess moments;4

conversely, the constancy of the moments over time does not imply that
the various marginals have the same distribution. In one case, however,
the two definitions coincide: this case — which is of particularly import-
ance in practice — is the one in which the process is Gaussian, that is,
when the joint distribution of any subset of elements of the process is
a multivariate normal. If a process is Gaussian, establishing that it is
weak stationary is equivalent to establishing strong stationarity. Since
Gaussianity is very often assumed in empirical applications, from an
operational point of view the definition of weak stationarity is generally

3For this reason, weak stationarity is also defined as covariance stationarity.
4For example: think of a sequence of random variables yt = 1/xt, where the xt are independent

standard normal variables. The sequence of yt is a sequence of identical and independent random
variables without moments. It’s easy to see that the requirements for strong stationarity are met,
but the ones for weak stationarity are not.
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adopted. When speaking of stationarity without adjectives, we mean
“weak”.

Limited memory Generally speaking, we will want to work with processes
where elements “far apart” can be thought of as “essentially” independ-
ent random variables. That is, the information that xt−k carries on the
distribution of xt is practically nil, if k is large.

The most general concept is called ergodicity: in a non-ergodic process,
persistence is so strong that one realisation of the process, no matter how
long, is insufficient to describe the process distribution. In an ergodic
process, on the contrary, the memory of the process is weak over long
horizons, and as the sample size increases, the information we get also
increases significantly.

The formal conditions under which a stationary stochastic process is
ergodic are too complex for a book like this one; I’ll just say that, by ob-
serving the process for a “sufficiently” long period of time, it is possible
to observe “almost all” the subsequences that the process is capable of
generating. In other words, it can be said that, in an ergodic system, if
something can happen, then sooner or later it must happen. The fact that
events far apart in time can be considered independent for all practical
purposes is then often summarised in the following property of ergodic
processes (which is sometimes used as a definition of an ergodic process):

lim
n→∞

1
n

n

∑
k=1

Cov(xt, xt−k) = 0.

Consequently, if a process is ergodic, it is possible (at least in principle)
to use the information contained in its observations over time to infer
its characteristics. There is a theorem (appropriately called the ‘ergodic
theorem’) which states that, if a process is ergodic, for inferential pur-
poses the observation of a “long enough” realisation is equivalent to the
observation of a large number of shorter, separate realisations. If, for ex-
ample, an ergodic process xt has an expected value of µ, then its average

over time is a consistent estimator of µ (in formulas, T−1 ∑T
t=1 xt

p−→ µ),
and therefore µ can be estimated consistently as if many realisations of
the process are available instead of only one.

From a practical point of view, however, is much more common to rely
on an alternative (and a bit more restrictive) concept, known as “mix-
ing”. The nice thing about it is that mixing processes can be shown to be
ergodic, but mixing is much easier to understand and handle in practice.

There are several ways to define mixing processes. All of them rely on
choosing two events A and B as follows: A is a statement pertaining
on something that happened at time t − m or before; B is a statement
relative to something that happens at time t or after. Therefore, P(A) is
something you can compute using f (. . . , xt−m−1, xt−m), while for P(B)
you need f (xt, xt+1, . . .). In other words, A is something that may have
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happened in the past (a very distant past, if m is large). B is an event
that may happen from now on.

Of course, the two events are independent if P(A ∩ B) = P(A)P(B).
Therefore, consider the quantity

αm = |P(A ∩ B)− P(A)P(B)|

If limm→∞ αk = 0 for all possible definitions of A and B, then whatever
happens up to some point in time becomes irrelevant (or nearly so) after
k periods (this particular definition is known as strong mixing — there
are several more).

In general, it can be said that inference is possible only if the stochastic
process we study is stationary and ergodic. It must be said, moreover, that
while there are methods to test the hypothesis of non-stationarity (at least in
certain contexts, which we will examine later on), the hypothesis of ergodicity
is not testable if all we observe is one realisation of the process is available, no
matter how long.

1.3 Moments

By definition, for weakly stationary processes every element of the process
xt has a finite and constant expectation E(xt) = µ and a finite and constant
variance V(xt) = σ2. Furthermore, all covariances between different elements

γk = E [(xt − µ)(xt−k − µ)] (1.1)

exist. These are known as autocovariances. Stationarity guarantees that these
quantities are not functions of t; however, they are functions of k, so we can
define the “autocovariance function” as a function of k such that γ(k) = γk.
Clearly, the autocovariance of order 0 is nothing but the variance. Further-
more, the definition is such that γk = γ−k, since

E [(xt − µ)(xt−k − µ)] = E [(xt − µ)(xt+k − µ)] .

Autocorrelations are trivially defined as

ρk =
γk
γ0

=
γk
σ2 , (1.2)

and obviously, ρ0 = 1. These quantities describe the memory of the process: if
γ1 ̸= 0, then we have that

f (xt|xt−1) ̸= f (xt)

and consequently
E(xt|xt−1) ̸= E(xt), (1.3)

which can be translated as: if xt−1 is known, the expected value of xt is not the
same as what we would expect if xt−1 were unknown. We could also extend
the set of random variables on which we condition to xt−2, xt−3, and so on.
This set of random variables is sometimes called the information set at time
t − 1, and is denoted by Ft−1.
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Strictly speaking, the exact definition of an in-
formation set is a bit more complex: we would
need to deal with σ-algebras and be more rigor-
ous about what is meant by conditioning. The
topic is truly fascinating, but is way beyond the
scope of this book. It is not difficult, however,
to think of the information set as a collection of
random variables with respect to which condi-
tioning is possible. In a time series setting, it
is reasonable to assume that the past is known;

consequently, it makes sense to condition a ran-
dom variable at time t on its own past values,
because if xt is known, then so are xt−1, xt−2,
and so on. Naturally, the information set at
time t may also include variables other than the
one we are conditioning: for example, in the
theory of rational expectations, the idea of an
information set at time t is used as a synonym
for all available information about the world at
time t.

After observing a realisation of size T of a stochastic process xt, we can
define the sample counterparts of the theoretical moments:

sample mean µ̂ = T−1 ∑T
t=1 xt

sample variance σ̂2 = T−1 ∑T
t=1(xt − µ̂)2

sample autocovariance γ̂k = T−1 ∑T
t=k(xt − µ̂)(xt−k − µ̂)

If the process is stationary and ergodic, it can be shown that these quant-
ities are consistent estimators of the moments of the process5 However, these
statistics are also useful as descriptive statistics. Apart from the sample mean,
whose interpretation I take for granted, analysing the autocorrelation function
often allows us to make interesting qualitative assessments about the persist-
ence characteristics of the series under consideration. In the next subsection,
I will give a few examples.

1.4 Some examples

In this section, I’ll use a few real-world time series to illustrate the concepts de-
scribed above. We observe a time series and assume that it can be considered
a realisation of a stationary stochastic process; our aim is to find the process
that represents this series “best” (whatever that may mean). More precisely,
we will look for a stochastic process whose realisation are “qualitatively most
similar” to our observed series.

Let us consider, for example, the time series shown in Figure 1.1, which re-
ports the monthly percentage change in the industrial production index from
the previous month for the United States, from 1980 to 2018. As can be seen,
the series fluctuates fairly regularly around a central value, approximately
between -5% and 3% (to be precise, its average is about 0.15%). If we were
willing to assume that the process that generated these data is stationary and
ergodic, we could say that this average is an estimate of the unconditional
expected value of the process.

But is this process (provided that it exists) stationary? And if so, is it also
ergodic? More generally: what are its persistence characteristics? It’s difficult

5The careful reader will have noticed the absence of the ’degrees of freedom correction’: in the
denominator of the sample variance, for example, there is T instead of T − 1. Asymptotically, the
two formulations are obviously equivalent. What happens in finite samples is usually considered
irrelevant or too complicated to be studied.
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Figure 1.1: US industrial production: percentage changes
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to give an answer just by looking at the graph, at least for the untrained eye.
The analysis of the sample autocorrelations, reported in Figure 1.2, comes to
the rescue.

Figure 1.2: US industrial production: percentage changes — correlogram
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Figure 1.2 shows the correlogram, a histogram in which each bar shows
the value of the autocorrelation ρk against the order k. For example, the cor-
relogram for the industrial production series yt, tells us that ρ1, the correlation
between yt and yt−1, is about 28.3%, ρ2, the one between yt and yt−2 is 29.5%,
and so on.

In an inferential setting, we would ask ourselves whether these statistics
(the autocorrelation of the process ρk) that are significantly different from 0,
and proceed with some kind of hypothesis test. However, we can simply take
them as descriptive statistics, with a clear meaning: nearby observations are
positively correlated, and therefore they are unlikely to be independent, so
there is clear evidence of some persistence.

Moreover, persistence seems to fade over time: one could say that, as the
distance between observations increases, the absolute value of their correlation
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(which we can, at this stage, take as a persistence indicator) tends to decrease:
at a distance of 18 months, their correlation is considerably smaller (1.6%).
All in all, one could say that from a qualitative point of view, this is exactly
what we expect to see in a realisation of a stationary and ergodic process: a
persistence that substantially affects the series in the short run, but remains
an essentially ’local’ phenomenon.

Hence, one might ask whether the time series we are observing can be stat-
istically modelled by studying its conditional mean, just as is done in a linear
regression model. Indeed, if in a linear model the equation yt = x′tβ + ϵt splits
the dependent variable into a conditional mean plus an error term, nothing
prevents us from making the conditional mean a function of the information
set Ft−1, so we would use OLS on a model like

yt = β0 + β1yt−1 + β2yt−2 + . . . + ϵt. (1.4)

If we did so, using, for example, the values up to four months prior as the
conditioning set, we would obtain the results shown in Table 1.1.

Table 1.1: OLS estimation of equation (1.4)

Coefficient coefficient std. error t-statistic p-value

β0 0.0631 0.0299 2.109 0.0355
β1 0.1685 0.0463 3.640 0.0003
β2 0.1817 0.0465 3.907 0.0001
β3 0.1369 0.0464 2.948 0.0034
β4 0.0881 0.0462 1.906 0.0572

Mean dependent var 0.149175 S.D. dependent var 0.666875
Sum squared resid 175.0909 S.E. of regression 0.614952

R2 0.156941 Adjusted R2 0.149658

The numbers in Table 1.1 can be taken as simple descriptive statistic, but
also as estimators of something. In this case, then, their properties must neces-
sarily be studied within an appropriate inferential framework. It is precisely
for this reason that we need to study stochastic processes: to give a probab-
ilistic meaning, if possible, to statistics like the ones we have just seen. In
the following chapters, I will show how and why estimates like these actually
makes sense, and how they should be interpreted.

Now let’s turn to another example, where things are less straightforward:
Figure 1.3 reports the time series of inflation (defined as the annual percentage
change in the consumer price index), again for the US.

Are we sure that a time series like this can be generated by a stationary
process? As can be seen, periods (sometimes rather long ones) of high and low
inflation alternate. Is it legitimate to think that the hypothetical process gener-
ating this series has a constant mean, as required for stationarity? Moreover:
the correlogram, displayed in Figure 1.4, shows that treating persistence as
a short-run phenomenon is decidedly more questionable. The autocorrela-
tion corresponding to the 24th month is 48.1%, and the plot shows no sign of
significant decay.

Highly persistent time series, like this one, are extremely common in eco-
nomics and finance; to analyse them, one must find some way to represent
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Figure 1.3: US inflation
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Figure 1.4: US Inflation – correlogram
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them as realisations of stationary processes, possibly after some suitable modi-
fication. In many cases, this can be done using techniques that dominated
time series econometrics in the last two decades of the 20th century. These
techniques, however, are somewhat complex and I’ll defer their treatment to
Chapter 4. Please, be patient.

Figure 1.5: Nasdaq stock market index – daily returns
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I conclude this overview of examples with a quite different case: the (daily)
percentage change in the Nasdaq stock index between 2015 and 2024, shown
in Figure 1.5. The behaviour of this time series is — obviously — very dif-
ferent from the ones shown earlier: the data fluctuate around a value slightly
above zero (the arithmetic mean is 0.061% — in other words, the Nasdaq index
grew on average 0.061% per day over that period), and without the long fluc-
tuations that characterised the industrial production or inflation series. This
impression is confirmed by visual inspection of the correlogram in Figure 1.6.

Figure 1.6: Nasdaq stock market index – Correlogram
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We see very little persistence here. But then, there’s a very good reason
for this: no matter what technical analysis fans may say here, if there were a
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’simple’ rule linking returns to their past values, any idiot could follow that
rule and make unlimited profits.6

Figure 1.7: Nasdaq stock market index – absolute values of daily returns
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And yet, we have something interesting here too: in fact, the plot in Figure
1.5 is typical of almost all high-frequency financial time series. The most
interesting feature is that periods when absolute returns are larger alternate
with periods when they are smaller. Technically, these periods are referred
to as high-volatility or low-volatility regimes, respectively. Unsurprisingly,
the high-volatility episodes coincide with events that had a major impact on
financial markets: for example, the COVID pandemic and the start of the
Ukraine war. This feature is clearly visible by considering the time series of
the absolute values of the returns (Figure 1.7).

Figure 1.8: Nasdaq stock market index – correlogram of absolute values
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Evidently, we have quite a lot of persistence here. In this case, the aim is
not so much to model the persistence of the series itself, but rather that of its

6Experts will notice that I am oversimplifying the so-called ’efficient market hypothesis’ (EMH)
with a recklessness you’d only expect in a random YouTube video. My apologies.
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volatility.
The statistical concept into which the word ’volatility’ translates is, clearly,

the variance (provided that the second moments exist). As will be seen later,
to analyse series of this type, we use stochastic processes of a specific nature,
in which any persistence exhibited by the series translates into the time vary-
ing dependence of the variance, rather than the mean. In other words, the
persistence of these processes is summarised by the fact that

V(xt|xt−1) ̸= V(xt). (1.5)

Compare this with equation (1.3): in these processes, which are called con-
ditionally heteroskedastic processes, what makes the difference between the
marginal and conditional distributions with respect to the information set
Ft−1 is precisely the structure of the second moments, rather than the first
moments. Processes of this type have been widely used in advanced empir-
ical finance for nearly four decades.

By now, our rationale should be clear enough. In the following chapter,
we will introduce a class of stochastic processes which is the cornerstone of
all time series econometrics: ARMA processes.



Chapter 2

ARMA processes

ARMA processes are the cornerstone of time series econometrics, for theoret-
ical as well as practical reasons, as we’ll see. To describe the main character-
istics of these processes, a few basic definitions are necessary.

2.1 The lag operator

Time series are nothing but sequences of numbers, with a natural ordering
given by time. In the same way, stochastic processes are sequences of ran-
dom variables. Therefore, it is natural to look for a general way to manipulate
sequences by means of appropriate operators. The lag operator is generally
denoted by the letter L by econometricians (statisticians use B instead — sav-
ages!); it’s an operator that turns a sequence xt into another sequence, that
contains the same objects as xt, but shifted back by one period.1 If you apply
L to a constant, the result is the same constant. In formulae,

Lxt = xt−1.

Repeated application of the L operator n times is indicated by Ln, and there-
fore Lnxt = xt−n. By convention, L0 = 1. The L operator is linear, which means
that, if a and b are constant, then L(axt + b) = aLxt + b = axt−1 + b. These
simple properties have the nice consequence that, in many cases, we can ma-
nipulate the L operator algebraically as if it was a number. Such a trick proves
especially useful when dealing with polynomials in L, that is operators of the
form

a0 + a1L + a2L2 + . . . apLp,

where the maximum exponent p is known as the “order” of the polynomial
(also known as its “degree”). Polynomials in the lag operators are also known
as filters, so we speak of “filtered” sequences.

Allow me to exemplify:

1In certain cases, you might want to use the “lead operator”, usually notated as F, which is
defined as the inverse to the lag operator (Fxt = xt+1, or F = L−1). I’m not using it in this book,
but its usage is very common in economic models with rational expectations.

13
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Example 2.1.1 Call bt the money you have at time t, and st the difference between
the money you earn and the money you spend between t − 1 and t (in other words,
your savings). Of course,

bt = bt−1 + st.

Now the same thing with the lag operator:

bt = Lbt + st → bt − Lbt = (1 − L)bt = ∆bt = st

The ∆ operator,2 which I suppose not unknown to the reader, is defined as (1 − L),
that is a polynomial in L of order 1. The above expression simply says that the
variation in the money you have is your net saving.

Example 2.1.2 Call qt the GDP for the Kingdom of Verduria in quarter t. Obviously,
yearly GDP is given by

yt = qt + qt−1 + qt−2 + qt−3 = (1 + L + L2 + L3)qt.

Since (1 + x + x2 + x3)(1 − x) = (1 − x4), if you “multiply” the equation above3

by (1 − L) you get
∆yt = (1 − L4)qt = qt − qt−4;

The variation in yearly GDP between quarters is just the difference between the
quarterly figures a year apart from each other.

A polynomial P(x) may be evaluated at any value, but two cases are of
special interest. Obviously, if you evaluate P(x) at x = 0 you get the “constant”
coefficient of the polynomial, since P(0) = p0 + p1 · 0+ p2 · 0+ · · ·= p0; instead,
if you evaluate P(1) you get the sum of the polynomial coefficients:

P(1) =
n

∑
j=0

pj1j =
n

∑
j=0

pj.

This turns out to be quite handy when you apply a lag polynomial to a con-
stant, since

P(L)µ =
n

∑
j=0

pjµ = µ
n

∑
j=0

pj = P(1)µ.

Two results on polynomial inversion are often quite useful: the first one
has to do with inverting polynomials of order 1. It can be proven that, if
|α| < 1,

(1 − αL)−1 = (1 + αL + α2L2 + · · · ) =
∞

∑
i=0

αiLi; (2.1)

the other one is that a polynomial P(x) is invertible if and only if all its roots
are greater than one in absolute value:

1
P(x)

exists iff P(x) = 0 ⇒ |x| > 1. (2.2)

The proofs are in subsection 2.A.1.
2Statisticians who use B instead of L also use ∇ instead of ∆.
3To be precise, we should say: ‘if you apply the (1 − L) operator to the expression above’.
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Example 2.1.3 (The Keynesian multiplier) Let me illustrate a possible use of poly-
nomial manipulation by a very old-school macro example: the simplest possible version
of the Keynesian multiplier idea. Suppose that

Yt = Ct + It; (2.3)

Ct = αYt−1; (2.4)

where Yt is GDP, Ct is aggregate consumption and It is investment; 0 < α < 1 is
the marginal propensity to consume; note that, in this version of the Keynesian model,
equation (2.4) defines consumption as a fraction of past income, as opposed to current
income.

By combining the two equations,

Yt = αYt−1 + It → (1 − αL)Yt = It.

therefore, by applying the first degree polynomial A(L) = (1− αL) to the Yt sequence
(national income), you get the time series for investments, simply because It = Yt −
Ct = Yt − αYt−1.

Now invert the A(L) = (1 − αL) operator and use equation (2.1)

Yt =
1

1 − αL
Ii = (1 + αL + α2L2 + · · · )It =

∞

∑
i=0

αi It−i :

aggregate demand at time t can be seen as a weighted sum of past and present invest-
ment. Suppose that investment goes from 0 to 1 at time 0. This brings about a unit
increase in GDP via equation (2.3); but then, at time 1 consumption goes up by α,
by force of equation (2.4), so at time 2 it increases by α2 and so on. Since 0 < α < 1,
an → 0 and this effect eventually dies out.

If investments were constant through time, then It = Ī; therefore, A(L)Yt = Ī
becomes

Yt =
1

A(L)
Ī =

1
A(1)

Ī =
Ī

1 − α

where the second equality comes from the fact that Ī is constant. The rightmost
expression is nothing but the familiar “Keynesian multiplier” formula.

A word of caution: in many cases, it’s OK to manipulate L algebraically as
if it was a number, but sometimes it’s not: the reader should always keep in
mind that the expression Lxt does not mean ‘L times xt’, but ‘L applied to xt’.
The following example should, hopefully, convince you.

Example 2.1.4 Given two sequence xt and yt, define the sequence zt as zt = xt · yt.
Obviously, zt−1 = xt−1yt−1; however, one may be tempted to argue that

zt−1 = xt−1yt−1 = LxtLyt = L2xtyt = L2zt = zt−2

which is obviously nonsensical (it may be a good exercise for the reader to find which
of the equalities above is wrong).
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2.2 White noise processes

The white noise (WN) is the simplest stochastic process there is:4 it possesses
moments of (at least) up to the second order, and these are constant over time
(hence the process is stationary); however, they give the process no memory
of its own past.

More formally: a white noise process, whose t-th element will be denoted
by ϵt, exhibits the following characteristics:

E(ϵt) = 0 (2.5)

E(ϵ2
t ) = V(ϵt) = σ2 (2.6)

γk = 0 for |k| > 0 (2.7)

A white noise is therefore, in essence, a sequence containing infinitely many
random variables, all with zero mean and constant variance; furthermore,
these random variables are all uncorrelated with one another. Strictly speak-
ing, this does not mean that they are independent. If, however, the process is
a Gaussian white noise, where the joint distribution of all pairs (ϵt, ϵt+k) is a
bivariate normal, then they are. Two aspects deserve special attention:

• in the case of normality, a realisation of size N of a white noise can
also be quite legitimately considered a realisation of N independent and
identically distributed random variables. In this sense, a cross-sectional
sample can be viewed as a special case.

• There is no substantial difference between the conditions that define a
white noise and the so-called ’classical assumptions’ on the disturbance
in the OLS model, except for the lack of correlation between regressors
and disturbances; the OLS classical assumptions could be stated as ’the
disturbance term is a white noise uncorrelated with the regressors’.

A white noise process, therefore, is a stochastic process with no persistence.
As such, one might think it inadequate for achieving the goal we set ourselves
in the introduction, namely finding a probabilistic structure that can be used
as a metaphor for persistent time series. The decisive step forward, described
in the next section, lies in considering what happens when we filter a white
noise process via a lag polynomial.

If I had aimed at impeccable rigour, I should
have made a distinction between different
types of ’memoryless’ stochastic processes.
Strictly speaking, in fact, the only type of pro-
cess with no trace of persistence is whose ele-
ments are independent random variables. Of-
ten, however, it is useful to consider processes
that are not so restrictive: for example, the so-
called martingale difference, which is a concept

very commonly employed both in statistics (es-
pecially in asymptotic theory), in economics
(theory of rational expectations) and finance
(asset pricing).

In a martingale difference sequence (MDS), the
distribution is left unspecified; what charac-
terises this type of sequence is the property
E(xt|Ft−1) = 0. In this context, our primary
interest is the conditional mean of the process,

4The reason why this process bears the evocative name of ‘white noise’ would be very in-
teresting, but the analytical tools we use in this book are too limited to develop this point. Oh
well.
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which must not depend in any way on the past.
A white noise, on the other hand, is a differ-
ent concept altogether: the lack of correlation
between different elements ensures only that
the conditional expectation is not a linear func-
tion of the past. Zipped proof:

E(xt|Ft−1) = bxt−1 =⇒
E(xtxt−1|Ft−1) = bx2

t−1 =⇒
E(xtxt−1) = E [E(xtxt−1|Ft−1)] =

= bE(x2
t−1) ̸= 0

(we thank the law of iterated expectations for
its kind cooperation).

However, the conditional could well be a non-
zero non-linear function. In fact, one can
construct examples of white noise processes
that are not martingale difference sequences.
Furthermore, not all martingale difference se-
quences are white noise processes: indeed, the
definition of white noise entails very specific
conditions on the second moments, which may
not even exist in a MDS.
That being said, it must be noted that in prac-
tice these concepts can be overlapped fairly
painlessly: a Gaussian WN, for example, is
a sequence of independent random variables
with a mean of 0, so it is also a MDS.

2.3 MA processes

A moving average process, or MA process for short, is a sequence of random
variables that can be written in the form

yt =
q

∑
i=0

θiϵt−i = C(L)ϵt,

where C(L) is a q-order lag polynomial and ϵt is a white noise process. In
most cases, we set C(0) = θ0 = 1. If C(L) is a polynomial of degree q, yt is also
said to be an MA(q) process, which is read as ’MA process of order q’.

Let us examine its moments: for the first moment, we have

E(yt) = E

[︄
q

∑
i=0

θiϵt−i

]︄
=

q

∑
i=0

θiE(ϵt−i) = 0.

Therefore, an MA process has mean 0. At first glance, one might think that
this characteristic is a serious shortcoming for applying MA processes to real-
world situations, since in general observed time series do not necessarily fluc-
tuate around the value 0. However, this issue can be easily dealt with: for
any process xt for which E(xt) = µt, one can always define a new zero-mean
process yt = xt − µt.5 If yt is covariance-stationary, then all you have to do is
consider yt and then add back the mean to obtain xt.

As for the variance, the fact that the E(yt) = 0 makes it possible to express
it as the second moment, namely

V(yt) = E(y2
t ) = E

⎡⎣(︄ q

∑
i=0

θiϵt−i

)︄2
⎤⎦

5Note in passing that in this simple example the process xt is not stationary, according to the
definition we have already provided, unless µt is constant, but the process yt is.
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By expanding the square6, the sum can be split into two distinct parts:(︄
q

∑
i=0

θiϵt−i

)︄2

=
q

∑
i=0

θ2
i ϵ2

t−i +
q

∑
i=0

∑
j ̸=i

θiθjϵt−iϵt−j

It should be obvious, from the “no-memory” property of white noise pro-
cesses, that the expected value of the second summation is zero, so that

V(yt) = E(y2
t ) = E

[︄
q

∑
i=0

θ2
i ϵ2

t−i

]︄
=

q

∑
i=0

θ2
i E(ϵ2

t−i) =
q

∑
i=0

θ2
i σ2 = σ2

q

∑
i=0

θ2
i ; (2.8)

if q is a finite number, then ∑
q
i=0 θ2

i < ∞ and V(yt) is finite.
Finally, the autocovariances can be worked out by a completely analogous

argument: the k-order autocovariance is

E(ytyt+k) = E

[︄(︄
q

∑
i=0

θiϵt−i

)︄(︄
q

∑
j=0

θjϵt−j+k

)︄]︄
=

=
q

∑
i=0

θi

[︄
q

∑
j=0

θjE(ϵt−iϵt−j+k)

]︄
. (2.9)

By using, again, the properties of white noise, we get E(ϵt−iϵt−j+k) = σ2 for
j = i + k and 0 in all other cases, so that the previous expression reduces to:

γk = E(ytyt+k) = σ2
q

∑
i=0

θiθi+k,

where θi = 0 for i > q.
Note that:

• the equation for the variance is a special case of the previous formula,
setting k = 0;

• for k > q, all autocovariances are zero.

An MA(q) process, therefore, is a process obtained by combining different
elements of the same white noise sequence. The higher its order, the longer
is its persistence. Note that the order q may be infinite; in this case, however,
the existence of the second moments (and therefore stationarity) is guaranteed
only if ∑∞

i=0 θ2
i < ∞, a condition known as square-summability.

Example 2.3.1 Consider the MA(1) process xt = ϵt + θϵt−1 and calculate its auto-
covariances: its variance is given by

E(x2
t ) = E (ϵt + θϵt−1)

2 = E(ϵ2
t ) + θ2E(ϵ2

t−1) + 2θE(ϵtϵt−1) = (1 + θ2)σ2.

By its definition, the autocovariance of order 1 is

E(xtxt−1) = E [(ϵt + θϵt−1) (ϵt−1 + θϵt−2)] .

6Note: by the argument I made a few pages back, [C(L)ϵt]
2 is different from C(L)2ϵ2

t . Think of
the simple case C(L) = L and you will be immediately convinced.
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Figure 2.1: MA(1) with different values of θ

(a) θ = 0 (white noise)
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(b) θ = 0.5

-4

-3

-2

-1

 0

 1

 2

 3

 4

 0  50  100  150  200  250

(c) θ = 0.9
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By expanding the product, we obtain:

E(ϵtϵt−1) + θE(ϵtϵt−2) + θE(ϵ2
t−1) + θ2E(ϵt−1ϵt−2) = θσ2.

Consequently, the autocorrelation of order 1 is

ρ1 =
γ1

γ0
=

θ

1 + θ2 .

Similarly, it can be shown that the higher-order autocovariances are all zero.

To illustrate this more concretely, let us take an example of an MA(1)
process and plot it: if the process is yt = ϵt + θϵt−1, the behaviour of yt for
different values of θ is shown in Figure 2.1. Of course, when θ = 0 (as in
Figure 2.1(a)) the process is white noise. As can be seen, as θ increases, the
persistence characteristics become more visible (the path becomes ’smoother’)
and its variance (roughly measured by the order of magnitude of the ordin-
ates) increases. If we had simulated a higher-order MA process, this would
have been even more evident.

Some interesting considerations can be made by digging a little deeper.
As the example shows, the autocorrelation of order 1 of an MA(1) process is
given by the formula ρ1 =

θ
1+θ2 , plotted in Figure 2.2. It can be noted that the

maximum value reached by ρ1 is 0.5, corresponding to θ = 1; an analogous ar-
gument, with inverted signs, holds for the minimum. Furthermore, we know



20 CHAPTER 2. ARMA PROCESSES

Figure 2.2: MA(1): Autocorrelation of order 1 as a function of θ

ρ1

θ

θ = 1

from previous arguments (see equation (2.9)), that all autocorrelations of order
greater than 1 are zero. This means that the correlogram of an MA(1) process
has only one interesting spike (the first one), and even that is constrained to
lie between −1/2 and 1/2.

Let’s now turn to an inferential problem: suppose we were certain that
an observed time series is the realisation of an MA(1) process. Which stat-
istic could we use to obtain estimates of the process parameters (in this case,
the parameter θ)? Obviously, this procedure would be justifiable only if the
empirical correlogram had moderate values for the first-order autocorrelation
and negligible ones for the others. If this were the case, we could adopt the
following strategy:

• if the process that generated the data is in fact an MA(1), then,

• it is stationary and ergodic, then,

• the sample autocorrelation converges in probability to the theoretical
one, then,

• in an infinitely-sized sample, ρ̂1 should be exactly equal to ρ1.

More formally,

ρ̂1
p−→ ρ1 =

θ

1 + θ2 ;

since this is a continuous function of θ, it can be inverted to give a consistent
estimator of θ via the method of moments. This amounts to finding the value
θ̂ which satisfies the equation

ρ̂1 =
θ̂

1 + θ̂2
; (2.10)

It can be easily seen that the solution to (2.10) is7

θ̂ =
1

2ρ̂1

(︃
1 −

√︂
1 − 4ρ̂2

1

)︃
.

7In fact, there are two values, because the actual solution would be θ̂ =
1±
√︂

1−4ρ̂2
1

2ρ̂1
(note the ±

symbol), but to keep things simple let’s agree on choosing the solution inside the interval [−1,1],
i.e. the one reported in the text.
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Note that, for the existence of the estimator, it is necessary that |ρ̂1| ≤ 0.5, but
in this case there is no problem, since we are assuming that we are dealing
with a series in which the first-order autocorrelation is not too strong.

For example: if the sample autocorrelation was 0.4, and I was convinced
that the process that generated the data is an MA(1), then I would as my
estimate of θ the number such that the theoretical autocorrelation is also 0.4,
namely θ̂ = 0.5. Clearly, this strategy is perfectly justified because the time
series actually has the required covariance characteristics, i.e. a not-too-large
first-order autocorrelation and negligible subsequent autocorrelations.

Now, we know that things are not always this easy: just take a look at
Figures 1.2 on page 7 and 1.4 on page 9. It is true, however, that a higher-
order MA process has more complex autocovariances, and therefore one may
conjecture that the same strategy could be feasible, at least in theory, provided
that a sufficiently high order of the polynomial C(L) is specified.

In fact, one might wonder whether the conjecture holds for any autoco-
variance structure. The answer lies in the never-sufficiently-celebrated Wold
representation theorem, of which I provide only the statement.

Theorem 1 (Wold representation theorem) For any covariance-stationary, 0-mean
stochastic process yt, it is always possible to find a sequence (not necessarily finite) of
coefficients θi such that

yt =
∞

∑
i=0

θiϵt−i,

where ϵt is white noise. Moreover, the sum of the squared coefficients is finite:
∑∞

i=0 θ2
i < ∞.

In other words: any stationary stochastic process can be represented as a
moving average process with the original autocovariance structure. This result
is of enormous importance: it tells us, essentially, that whatever the ’true’ form
of a stationary stochastic process, we can always represent it as an MA process.
The process may be of infinite order, but square-summability ensures that the
effect of the very distant past should not be very important for the present.
It is for this reason that, by studying MA processes, we are in fact studying
all possible stationary processes, at least as far as their mean and covariance
characteristics are concerned.

The picture I have just given of Wold’s theorem
is not really accurate: if you look at ’proper’
textbooks, you will notice that in fact the the-
orem does not say exactly what I wrote above.
To be precise, one should say that every second-
order stationary process can be decomposed

into a ’deterministic’ part (i.e. perfectly predict-
able given the past) plus a moving average part.
I have cunningly simplified the definition by
adding the words ’with a mean of 0’, thus ex-
cluding the existence of the deterministic part
but the message remains essentially the same.

2.4 AR processes

AR (AutoRegressive) processes form another important class. These pro-
cesses provide representation of a persistent time series that some may find
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more intuitive than the one implied by MA processes, because in AR processes
the main idea is that the value of the series at time t is a linear function of its
own past values, plus white noise. The name derives precisely from the fact
that an AR process can be represented in the same way as a regression model,
where the explanatory variables are the past values of the dependent variable:

yt = φ1yt−1 + · · ·+ φpyt−p + ϵt. (2.11)

Note that, in this context, the white noise process ϵt is like the disturbance
term in a regression model, that is, as the difference between yt and its condi-
tional mean; in this case, the random variables that constitute the information
set are simply the past of yt.

AR processes are, to some extent, a natural counterpart to MA processes
because an MA process is what you get by filtering a white noise process,
whereas an AR process is a process that yields white noise if suitably filtered.
In symbols

A(L)yt = ϵt,

where A(L) is, as usual, a polynomial in L (with degree p) with A(0) = 1 and
ai = −φi.

To describe these processes, let us begin by considering the simplest case,
where p = 1:

yt = φyt−1 + ϵt −→ (1 − φL)yt = ϵt.

Let’s start from mean and variance. These can be obtained in several ways:
one rather intuitive way is to assume the stationarity of the process (so we
know they exist), and then develop the consequences of this hypothesis. Let
us assume, therefore, that the process has a constant mean µ. This hypothesis
implies

µ = E(yt) = φE(yt−1) + E(ϵt) = φµ.

Th expression above can be true in two cases: either µ = 0, in which case it is
true for any value of φ, or in the case φ = 1, and then the expression is true for
any value of µ, and the mean of the process is undefined. In the latter case,
the process is characterised by a unit root, because the value of z for which
A(z) = 0 is precisely 1; the analysis of this situation, in which bizarre things
happen, kept the best econometricians busy during the final two decades of
the 20th century. For a long time, it was considered by applied economists as
rough terrain, upon which it is inadvisable to venture without a native guide,
but nowadays unit roots are a standard tool in applied economics (especially
macro). We shall discuss this case in depth later (Chapters 4 and 6). For the
moment, let’s rule out the A(1) = 0 case. It follows that — in the cases we
analyse here — the process has a zero mean.

Another method to obtain E(yt) is to re-express yt as a MA process (under
stationarity, Wold’s theorem guarantees this is legitimate). To do this, we use
the results reported above on the manipulation of polynomials. If we focus on
the cases where |φ| < 1 (so unit roots are excluded), we have

A(L)−1 = (1 − φL)−1 = 1 + φL + φ2L2 + · · · = C(L),
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therefore the MA representation of yt is

yt =
(︂

1 + φL + φ2L2 + · · ·
)︂

ϵt = C(L)ϵt,

that is, an MA process with θi = φi, which has zero mean;8 therefore, E(yt) = 0.
As for the second moments, we proceed as above; let us call V(ϵt) = σ2.

If we call ω the variance of yt, and assume that it exists and is constant over
time, it follows that

ω = V(yt) = E(y2
t ) = E

[︂
(φyt−1 + ϵt)

2
]︂
= φ2ω + σ2 + 2φE(yt−1ϵt).

The last element of the sum is 0, since yt−1 = C(L)ϵt−1, and therefore E(yt−1ϵt)
is a linear combination of autocovariances of a white noise (all of which are
zero by definition). It follows that

ω = φ2ω + σ2 =⇒ ω =
σ2

1 − φ2 .

The same result could also have been obtained from the MA representation,
noting that

ω = σ2
∞

∑
i=0

θ2
i = σ2

∞

∑
i=0

φ2i = σ2
∞

∑
i=0

(φ2)i =
σ2

1 − φ2 .

The expression ω = σ2

1−φ2 provides several insights. First, it tells us that only
if |φ| < 1 the variance is stable over time (for |φ| ≥ 1 the last equality no
longer holds); this condition rules out from the category of stationary AR(1)
processes not only those with a unit root, but also those with a so-called
explosive root (|φ| > 1).

Second, by comparing ω, which is the unconditional variance of yt, with
σ2, which is the variance of yt|Ft−1, it can be seen that ω is always greater
than σ2. Furthermore, the difference is greater the closer φ is to 1: the more
persistent the process is, the smaller its variance conditional on its own past
will be compared to its unconditional variance. That is to say, knowing the
value of yt−1 reduces the uncertainty about the value of yt the more persistent
the series is.

All it remains to do is to compute the autocovariances: γ0 is ω, which we
already know; the autocovariance of order 1 is given by

γ1 = E(ytyt−1) = E [(φyt−1 + ϵt)yt−1] = φE(y2
t−1) + E(yt−1ϵt) = φω

and, more generally,

γk = E(ytyt−k) = E [(φyt−1 + ϵt)yt−k] = φγk−1,

8The moving average representation of an AR(1) process can also be obtained by the so-called
method of ’recursive substitutions’, which is cruder and less elegant, but perhaps more intuitive.
Let us consider that, if yt = φyt−1 + ϵt, then we will also have yt−1 = φyt−2 + ϵt−1; we substitute
the second expression into the first and proceed iteratively.
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thus obtaining

γk = φk σ2

1 − φ2 .

Alternatively, starting from the MA representation, we get

E(ytyt+k) = σ2
q

∑
i=0

θiθi+k = σ2
q

∑
i=0

φi φi+k = σ2
q

∑
i=0

φ2i+k

which is equal to

γk = φkσ2
q

∑
i=0

φ2i = φk σ2

1 − φ2 .

As a consequence, the autocorrelations take a very simple form:

ρk = φk;

autocorrelation decline exponentially towards 0 as k grows larger; this feature
is often referred to as “exponential decay”.

Again, there is an intuitive interpretation of the result above: autocorrela-
tions, which we take as an index of the memory of the process, are larger (in
absolute value) the larger (in absolute value) φ is, so we may think of φ as
a persistence parameter. Furthermore, autocorrelations are nonzero for all k,
although limk→∞ γk = 0. In practice, the memory of the process is infinite, but
the very remote past plays a negligible role.

Let’s look at one more example: Figure 2.3(a) shows the white noise pro-
cess I already presented in Figure 2.1(a) as an example of MA(1) processes
with θ = 0. Let us apply the operator (1 − φL)−1 to this process, with φ = 0.5
and φ = 0.9. You can see persistence increasing as the parameter (φ in this
case) grows, and in fact the effect is much easier to spot here.

Like MA processes, AR processes can be easily adapted to the non-zero
mean case: let us add an ’intercept’ to the AR(1) model:

yt = µ + φyt−1 + ϵt → (1 − φL)yt = µ + ϵt.

By inverting the polynomial A(L), we get

yt =
(︂

1 + φL + φ2L2 + · · ·
)︂
(µ + ϵt) = C(L)(µ + ϵt);

since applying L to a constant leaves it unchanged, it follows that

yt = (1 + φ + φ2 + · · · )µ + C(L)ϵt =
µ

1 − φ
+ C(L)ϵt,

therefore E(yt) =
µ

1−φ .
Generalising to the AR(p) case is very boring, since the necessary algebraic

manipulations, stemming from the necessity to invert a p-th degree polyno-
mial to obtain the moving average representation, are a bit of a pain. We
have

C(L) = A(L)−1 =
p

∏
j=1

(1 − νjL)−1
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Figure 2.3: AR(1) with different values of φ

(a) φ = 0 (white noise)
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(b) φ = 0.5
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(c) φ = 0.9
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where the νj are the reciprocals of the roots of A(L), that is

νi = 1/λi, A(λi) = 0.

Moreover, this generalisation does not bring great advantages to the in-
tuitive understanding of the salient characteristics of these processes. The
fundamental point is that if |νj| < 1 for all j (and therefore, all the roots of
A(L) are greter than 1), then the expression above makes sense because the
A(L) polynomial does in fact have an inverse that we can write as C(L) (in
this case, A(L) is said to be “stable”); in this case, the AR(p) process is sta-
tionary. A rigorous proof is omitted here, but the curious reader should note
that all is needed is equation (2.16) in the Appendix of this chapter.9

Other interesting properties (I won’t prove these either) are that an AR(p)
process

• has infinite memory, but the autocorrelations decrease with k geometric-
ally like in AR(1) processes;

• in the case of an ’intercept’ different from 0, it has an expected value of
µ

A(1) , where A(1) is the polynomial A(z) evaluated at z = 1 instead of

z = L as usual; in practice, A(1) = ∑
p
i=0 ai.

9Note: νj can be a complex number: in this case, allow me to remind the reader that that its
absolute value is given by the formula |a + bi| =

√
a2 + b2. For those unfamiliar with the topic, a

brief overview is provided in the Appendix to this chapter, on page 31.
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The only aspect worth emphasising when the autoregressive order p is
greater than 1 is that AR(p) processes can have cyclical trends: this occurs if
and only the roots of the polynomial A(z) contain one or more pairs of com-
plex conjugate numbers. In this case, the process assumes a cyclical trend in
which the amplitude of the oscillations varies around a mean value. Clearly,
processes of this type are the natural candidates to model economic phenom-
ena characterised by cyclical phases.

Figure 2.4: AR(2): φ1 = 1.8; φ2 = −0.9
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The reason why complex numbers and cyclical
trends are linked would be wonderful to ex-
plain, but unfortunately the average student in
an Economics faculty considers complex num-
bers and trigonometric functions to be arcane

witchcraft, so I’ll pass. For the eccentric few
who like these things, there’s an Appendix at
the end of this chapter so that the majority are
left unfazed.

Let us take a look at an example: consider the white noise process in Figure
2.3(a) and use it to simulate an AR(2) process in which the polynomial A(z)
has two complex roots:

yt = 1.8yt−1 − 0.9yt−2 + ϵt,

where the roots are

λ =
1.8 ±

√
3.24 − 3.6
1.8

= 1 ± i
3

,

both greater than 1 in absolute value (they are “one plus something”). As can
be seen in Figure 2.4, there is a more or less regular alternation of ‘peaks’ and
‘troughs’.
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2.5 ARMA processes

The class of ARMA processes includes both AR processes and MA processes
as special cases. An ARMA(p,q) process is defined as

A(L)yt = C(L)ϵt, (2.12)

where p is the order of the polynomial A(L) and q is the order of the polyno-
mial C(L). Both are finite numbers. AR or MA processes are therefore special
cases (q = 0 and p = 0, respectively).

If all the roots of A(L) are greater than 1 in modulus, then yt can also be
represented in MA form

yt = A(L)−1C(L)ϵt = C∗(L)ϵt,

where C∗(L) is a polynomial of infinite order if p > 0. This condition on A(L)
is necessary and sufficient for the process to be stationary. Similarly, if the
polynomial C(L) is invertible, then yt admits an autoregressive representation
(of infinite order if q > 0)

C(L)−1 A(L)yt = A∗(L)yt = ϵt.

In this case, the process is said to be invertible.
The moments of an ARMA(p,q) process can be derived in a conceptually

simple (but algebraically cumbersome) manner from its moving average rep-
resentation, and I shall not waste your time with this. The only one worth
mentioning is that, if we add an intercept, it can be easily shown10 that only
the AR part counts, and the mean of the process is µ

A(1) . Optionally, you
can add a touch of further sophistication by allowing for the possibility of a
non-zero, time-varying mean, namely something like

A(L)yt = µ(xt, β) + C(L)ϵt,

which looks very much like a regression model. An alternative way of writing
the above is to consider a model of the form

yt = µt + ut,

where µt =
1

A(L)µ(xt, β) and ut =
C(L)
A(L) ϵt. This is a sort of a regression model

where the errors are given by an ARMA(p,q) process. As can be seen, it is
easy to switch from one representation to the other.

Why are ARMA processes useful? In theory, they’re not: Wold’s represent-
ation theorem ensures that any stationary process has an MA representation.
In practice, however, Wold’s representation is, in general, of infinite order.
This is a serious problem for inference: if we assume that yt can be represen-
ted in MA form as

yt = B(L)ϵt,

10Blitz proof: A(L)yt = µ + C(L)ϵt =⇒ E [A(L)yt] = µ + E [C(L)ϵt]. By the linearity of the
operators E e L, we get A(L)E [yt] = µ + C(L)E [ϵt] = µ. However, if yt is stationary, then E [yt]
exists, is finite and constant, so that A(L)E [yt] = A(1)E [yt], and E [yt] =

µ
A(1) .
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nothing prevents the polynomial B(L) from being of infinite order. If an ob-
served time series is considered as a realisation of some stationary process,
using an MA process to summarise its covariance characteristics involves the
inferential problem of estimating a potentially unbounded number of para-
meters.

However, one could consider a finite approximation of B(L): in applied
mathematics, it is well known that sometimes functions can be approximated
very well by “rational functions”, that is, the ratio of two polynomials. So, it
may be possible to find two polynomials of finite (and, hopefully, low) order,
A(z) and C(z), such that

B(z) ≃ C(z)
A(z)

.

If the equality were exact, one could then write

yt = B(L)ϵt =⇒ A(L)yt = C(L)ϵt.

If the equality holds only approximately, then

A(L)yt = C(L)ϵ∗t ,

where

ϵ∗t =
A(L)
C(L)

B(L)ϵt.

Strictly speaking, the process ϵ∗t is not white noise; however, if its autoco-
variances are “small enough”, it can be treated as such for all practical pur-
poses. Alternatively, one could argue that treating ϵ∗t as a white noise process
is a only slightly more misleading metaphor than the one based on ϵt (namely,
Wold’s representation), whilst offering the distinct advantage of relying on a
finite number of parameters.

In practice, an ARMA model is built by making an a priori assumption
about the degrees of the two polynomials, A(L) and C(L), and then — once
the polynomial coefficients have been estimated — by examining the sample
autocorrelations of the time series corresponding to ϵ∗t . If these are not too
large, then ϵ∗t can be treated as white noise without adverse consequences11.

2.5.1 Seasonal ARMA

The need to keep the number of parameters under control leads, in certain
cases, to the usage of models known as multiplicative ARMA models, used
primarily for time series characterised by seasonal persistence, so that they
are also known as seasonal ARMA, or SARMA.

For example, let us consider the monthly time series of hotel arrivals for
some skiing holiday destination (say, Gstaad or Cortina). We would expect
strong seasonality, in the sense that the data for December likely resembles
those of December from the previous year much more than that of May from
the same year, which is closer in time but qualitatively different.

11For estimation techniques, see Section 3.
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Say, for simplicity, that we wish to use a pure autoregressive model, that
is, without an MA component. A naive application of the ideas presented
so far would evidently lead to the use of a polynomial of (at least) order
12, and thus to a structure with a fairly large number of parameters. Many
of these, however, are likely redundant: while the conditional mean for the
month of December is likely to depend on previous year’s December, there
is no obvious reason why the data for August or October should be equally
relevant. This consideration would simply lead us to use a constrained model,
with a “gappy” A(L) polynomial — that is, with some coefficients equal to 0.

A more elegant and efficient approach is to write the polynomial by sep-
arating the seasonal effects from the ordinary ones. Take the following poly-
nomial:

S(L) = (1 − φL)(1 − ΦLs) = 1 − φL − ΦLs + (φ · Φ)Ls+1,

where s is the number of sub-periods (i.e. 12 for the months in a year, and
so on). Obviously, in this case, the order of A(L) is s + 1, and the only non-
zero coefficients are those of order 1, s, and s + 1. The number of unknown
parameters is, however, just 2, because the coefficient of order s + 1 is the
product of the other two (with reverse sign); this feature makes it possible to
model a possibly long seasonal pattern while keeping the necessary number
of parameters under control.

Evidently, a similar trick can also be applied to the polynomial C(L), so
you get a remarkable degree of flexibility without having the number para-
meters explode. By generalising the above expression in an obvious way, we
obtain a model that can be written as

A(L)B(Ls)yt = C(L)D(Ls)ϵt

which contains the seasonal autoregressive part B(Ls) and the seasonal mov-
ing average part D(Ls). If the order of the polynomials B(·) and D(·) is zero,
we go back to the simple ARMA case.
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Figure 2.5: Box and Jenkins’ airline data
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Example 2.5.1 (The airline model) The most celebrated example of SARMA model
is probably the so-called “airline” model, famously used by Box and Jenkins on the
series depicted in Figure 2.5: the logarithm of monthly airline passengers from Janu-
ary 1949 to December 1960. Using the techniques I’ll describe later in this chapter,
they estimated the following model:

∆∆12yt = (1 − 0.402 L)(1 − 0.557 L12)ϵt

Where A(L) = 1 − L and B(L) = 1 − L12, so the AR polynomial is 1 − L12 + L13;
similarly, C(L) = 1 − 0.402L and D(L) = 1 − 0.557L12, so the MA polynomial is
1 − 0.402L − 0.557L12 + 0.224L13.

2.A Assorted results

2.A.1 Inverting polynomials

Let us begin by noting that, for any a ̸= 1,

n

∑
i=0

ai =
1 − an+1

1 − a
, (2.13)

which is easy to prove: call

S =
n

∑
i=0

ai = 1 + a + a2 + · · ·+ an; (2.14)

of course
a · S = a + a2 + · · ·+ an+1. (2.15)

By subtracting (2.15) from (2.14), S(1 − a) = 1 − an+1, you get equation (2.13).
If a is a small number (|a| < 1), then an → 0, and therefore ∑∞

i=0 ai = 1
1−a .

By setting a = αL, you may say that, for |α| < 1, the inverse of (1 − αL) is
(1 + αL + α2L2 + · · · ), that is

(1 − αL)(1 + αL + α2L2 + · · · ) = 1,

or, alternatively,
1

1 − αL
=

∞

∑
i=0

αiLi

provided that |α| < 1. Now consider a n-th degree polynomial P(x):

P(x) =
n

∑
j=0

pjxj

If P(0) = p0 = 1, then P(x) can be written as the product of n first-degree
polynomials as follows:12

P(x) =
n

∏
j=1

(︄
1 − 1

λj
x

)︄
, (2.16)

12If you don’t believe me, ask your favourite search engine for “Fundamental theorem of al-
gebra”.



2.A. ASSORTED RESULTS 31

where the numbers λj are the roots of P(x): if x = λj, then 1 − 1
λj

x = 0 and

consequently P(x) = 0. Therefore, if P(x)−1 exists, it must satisfy

1
P(x)

=
n

∏
j=1

(︄
1 − 1

λj
x

)︄−1

;

but if at least one of the roots λj is smaller than 1 in modulus,13 then 1/|λj| is

larger than 1 and, as a consequence,
(︂

1 − 1
λj

x
)︂−1

does not exist, and neither

does P(x)−1.
For example, let’s consider the polynomial A(x) = 1 − 1.2x + 0.32x2; is it

invertible? Let’s check its roots:

A(x) = 0 ⇐⇒ x =
1.2 ±

√
1.44 − 1.28
0.64

= (1.2 ± 0.4)/0.64

so λ1 = 2.5 and λ2 = 1.25. Both are larger than 1 in modulus, so the polynomial
is invertible. Specifically,

A(x) = (1 − λ−1
1 x)(1 − λ−1

2 x) = (1 − 0.4x)(1 − 0.8x)

and

1
A(x)

= (1 − 0.4x)−1(1 − 0.8x)−1 =

= (1 + 0.4x + 0.16x2 + · · · )(1 + 0.8x + 0.64x2 + · · · ) =
= 1 + 1.2x + 1.12x2 + 0.96x3 + 0.7936x4 + · · ·

In practice: if the sequence at is defined as the result of the application of
the operator P(L) to the sequence ut, that is at = P(L)ut, then reconstructing
the sequence ut from at is only possible if P(L) is invertible. In this case,

ut = P(L)−1at =
1

P(L)
at.

2.A.2 An intro to complex numbers

By popular request, you will find in this appendix a rough and concise in-
troduction to how complex numbers work and, incidentally, the reason why
complex roots in an autoregressive polynomial give rise to cyclical phenom-
ena.

Let’s start with the number i, which is defined by the property i2 = −1.
The number i is called the imaginary unit, largely for historical reasons (Renais-
sance mathematicians found i too weird to exist “for real”). Any real multiple
of it is called an imaginary number. For example, 3i is a number whose square
is −9.

A complex number is the sum of a real number and an imaginary one:
something like z = a + bi, where a and b are real numbers, called the real

13Warning: the roots may be complex, so if you’re needing some guidance on complex numbers,
section 2.A.2 just below is for you.
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part (often written as ℜ(z)) and the imaginary part (often written as ℑ(z)),
respectively.

Every complex number has its conjugate, which is simply the same number
with reverse sign in the imaginary part. The conjugation operation is written
with a bar. Therefore, if z = a + bi, then z̄ = a − bi. Note that z · z̄ is by
construction a positive real number:

z · z̄ = (a + bi)(a − bi) = a2 − (b2i2) = a2 + b2.

The absolute value, or modulus, of a complex number is defined as

|z| =
√

z · z̄ =
√︁

a2 + b2 = ρ;

the definition above includes the one for real numbers as a special case, when
b = 0. Nice.

Since, a complex number is an object identified by two real numbers, one
can think of it as a point on a plane (sometimes known as the Argand plane). By
convention, this plane has with the real part on the x-axis and the imaginary
part on the y-axis. This provides an alternative representation for z = a + bi,
that can be written in terms of ρ, its distance from the origin and ω, the
angle it forms with the x-axis, that is, as z = ρ(cosω + i sinω). Evidently, this
translates into the two relationships

cosω =
ℜ(z)

ρ
sinω =

ℑ(z)
ρ

.

Figure 2.6: Graphical representation of a complex number

ℑ(z)

ℜ(z)a

b

ρ

z = a + bi

ω

Figure 2.6 should make the dual representation quite easy to visualise. I
should add that, if ρ = 1, the corresponding point lies on a circle of radius 1
centred at the origin, hence the expression “unit circle”. Obviously, if ρ > 1,
the point lies outside this circle, and if ρ < 1, it lies inside.

For reasons that I shall not go into, the following equality also holds:

z = a + bi = ρexp(iω),
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where the conjugation operation translates into a change of sign in the argu-
ment of the exponential function:

z̄ = a − bi = ρexp(−iω).

Having two representations is convenient because one works well for addition:

z1 + z2 = (a1 + b1i) + (a2 + b2i) = (a1 + a2) + (b1 + b2)i

and the other one is handy for multiplication and exponentiation:

z1 · z2 = [ρ1 exp(iω1)][ρ2 exp(iω2)] = ρ1ρ2ei(ω1+ω2)

zk = ρkeiωk.

Finally, since ℜ(z) = z+z̄
2 = ρ eiω+e−iω

2 , we also have that

cosω =
eiω + e−iω

2

and there is also a similar formula for the sine function:

sinω =
eiω − e−iω

2i
.

More generally, it can be shown that

eiωk + e−iωk

2
= cos(ωk) =⇒ zk + z̄k

2
= ρk cos(ωk) (2.17)

eiωk − e−iωk

2i
= sin(ωk) =⇒ zk − z̄k

2i
= ρk sin(ωk). (2.18)

The link between complex numbers and trigo-
nometric functions was discovered in the 18th
century by the Swiss genius, Leonhard Euler.
The identity named after him

eiπ + 1 = 0

is considered by many the most beautiful for-
mula in mathematics. This equation is not only
true (it’s a special case of the ones above), but

it contains all the most basic ingredients of
mathematics: the five most important constants
(0, 1, e, π and i), the most important opera-
tions (sum, product and exponentiation) and
the equal sign.
Isn’t this wonderful? At some point, I even
thought of having this equation tattooed on my
arm, although in the end I decided it would
have been too nerdy.

At this point, we have all the tools we need to shed light on the link
between autoregressive polynomials with complex roots and cyclical phenom-
ena: suppose we have a second-order polynomial in L with complex conjugate
roots:

A(L) = 1 − φ1L − φ2L2 = (1 − zL)(1 − z̄L).

Provided that |z| is less than 1 to ensure invertibility, let us calculate the form
of the inverse of A(L), which leads us to the Wold representation. We have

A(L)−1 = (1 − zL)−1(1 − z̄L)−1 = (1 + zL + z2L2 + · · · )(1 + z̄L + z̄2L2 + · · · )
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As we will now see, all the coefficients of this infinite polynomial are real, and
they fluctuate around zero:

A(L)−1 = 1 +

(z + z̄)L +

(z2 + zz̄ + z̄2)L2 +

(z3 + z2z̄ + zz̄2 + z̄3)L3 + · · ·

and, more generally, if we write

A(L)−1 = 1 + θ1L + θ2L2 + · · · ,

we also get

θk =
k

∑
j=0

zj z̄k−j.

The result we are interested in can be found by noting that

θk+1 = zk+1 + z̄θk = z̄k+1 + zθk,

from which
zk+1 − z̄k+1 = (z − z̄)θk;

using equation (2.18) on can obtain

θk = ρk sin[ω(k + 1)]
sinω

.

In practice, the impulse response function is the product of two functions:
sin[ω(k+1)]

sinω , which is a periodic function in k with a period of 2π/ω (and there-
fore, the smaller ω is, the longer the cycle). The other, ρk, attenuates the
fluctuations as k increases since, by assumption, |ρ| < 1, and thus obviously
ρk → 0.



Chapter 3

ARMA models

So far, we have been pretending that the parameters of the stochastic process
of our interest were known. But in practice, all we have are time series, so we
want to use ARMA processes as statistical models. The theoretical apparatus
we developed so far will be instrumental for choosing the ARMA process that
we are going to employ as a Data Generating Process for what we observe.

Of course, the parameters of the process we assume as our Data Generating
Process are unknown, so we have to estimate them. The standard technique
for estimating ARMA parameters is maximum likelihood, where the distribu-
tion of the data is usually assumed normal to make the problem tractable.1

Therefore, we assume that the white noise sequence . . . ,ϵt−1,ϵt,ϵt+1, . . . has
a joint Gaussian distribution, so, by virtue of the Wold representation, yt is
Gaussian too.

As thew reader should know, the likelihood is the sample density function,
calculated for the observed sample. It will depend on a vector ψ of unknown
parameters, which determine its shape. For this reason, we write it as L(ψ).
Maximising this function with respect to ψ yields the maximum likelihood
estimate.

When we observe a realisation of a stochastic process (or, more pedantic-
ally, a time series that we can think of as such) x1, . . . , xT , the likelihood func-
tion is nothing but the joint density function of the observed part of the pro-
cess, namely the marginal density function of the random vector x1, . . . , xT ,
calculated for the observed values; in the case of an ARMA process of the
type

A(L)xt = µ + C(L)ϵt

it will depend on the parameter vector ψ = {µ; φ1 . . . φp;θ1 . . . θq;σ2}.
If the process is Gaussian, the likelihood function is simply the density

function of a multivariate normal:

L(ψ) = f (x;ψ) = (2π)−
T
2 |Σ|−

1
2 exp

{︃
−1

2
(x − k)′Σ−1(x − k)

}︃
,

where x is the vector (x1, . . . , xT) of the T observations; k and Σ are its first
and second moments, which depend on ψ. For example, the ij-th element of

1Well, except for a few special cases; we’ll see some in Chapter 7.

35
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the matrix Σ is simply γ|i−j|, the autocovariance of order |i − j| which, as we
know, is a function of the parameters of the ARMA process. The ML estimator
is therefore

ψ̂ = Argmax
ψ

L(ψ). (3.1)

It can be shown that the maximum likelihood estimators of Gaussian
ARMA processes are consistent, asymptotically normal, and asymptotically
efficient. Furthermore, under fairly mild conditions, the properties of consist-
ency and asymptotic normality are preserved even when the true distribution
of the process is not normal (in this case, we refer to quasi-maximum likeli-
hood estimates). This is the reason why, in many cases, people don’t bother
checking for normality.

From the viewpoint of theory, that’s is all. In practice, the problems are
only just beginning. First of all, it should be noted that, as usual, we do not
work with the function L(ψ), but with its logarithm

ℓ(ψ) = log L(ψ) = −T
2

log(2π)− 1
2

[︂
log |Σ|+ (x − k)′Σ−1(x − k)

]︂
,

but this is of no consequence, since the optimal vector ψ̂ is the same for both
functions. There are three main relevant problems:

1. the system of equations resulting from setting the score vector s(ψ) =
∂l(ψ)

∂ψ to 0 is non-linear, and in general cannot be solved analytically, so
that no closed-form expressions are available to calculate the elements
of ψ̂ as simple functions of the data; therefore, numerical optimisation
techniques are needed.

2. the order of the A(L) and C(L) polynomials, that we need for a suitable
representation of the process of which we believe xt to be a realisation,
are unknown;

3. to calculate ℓ(ψ), it is necessary to know the matrix Σ; now, the matrix Σ
is a T × T matrix, and when T is large (even a few dozens, but time series
samples can reach sizes in the order of tens of thousands of observations),
even the simple calculation of its elements as a function of ψ may be a
problem. The same applies to its determinant and its inverse.2

3.1 Numerical techniques

The first of the problems listed above would deserve a comprehensive treat-
ment, but this is really not the place for it. Suffice it to say that this problem
becomes negligible if adequate computing resources are available. Numer-
ical algorithms exist that allow the maximum of likelihood functions to be
found without great difficulty, and all econometric packages contain efficient
implementations.

2It is true that Σ has a very special structure: it’s a “symmetric Toeplitz” matrix. This simplifies
the problem to some extent, but doesn’t get rid of it.
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To simplify as much as possible, one can say that these algorithms are
used to find the maximum of a function, provided that we can compute the
function and its first derivative for any point in the parameter space. If the
function is smooth, its derivative (the gradient) is 0 at the maximum.

Roughly speaking, the procedure is as follows:

1. Start from a “random” point, ψ0;

2. calculate the score s(ψ0) =
∂ℓ(ψ)

∂ψ ;3

3. if s(ψ0) is “small enough”, stop. Otherwise, use it to figure out a direc-
tion d(s(ψ0)) in which to move;

4. calculate ψ1 = ψ0 + d(s(ψ0));

5. check that ℓ(ψ1) > ℓ(ψ0);

6. replace ψ0 with ψ1 and start again from step 2.

When you stop at step 3, it is usually said that the algorithm “has converged”.
There are many algorithms of this type: essentially, each one calculates the

direction vector d(s(θ0)) in its own way, aiming to ensure that ℓ(ψ1) > ℓ(ψ0)
at each iteration, so that the maximum is eventually reached.

Some readers may have noticed that the al-
gorithm above depends crucially on what hap-
pens at step 3. As long as s(ψ0) is not ‘small
enough’, the algorithm keeps going. Hence, we
must decide what it means for a vector to be
‘small’, to avoid the risk of the algorithm run-
ning forever and our CPU turning into a fire-
ball.

This is one of those deceptively simple ques-
tions: there are various ways to answer it, and
as usual, none of them is ‘right’. One of the
most common criteria is to decide that s(ψ0)
is ‘zero’ when none of its elements exceeds a
pre-specified threshold in absolute value, for
example, something like 1.0E-07. However, it is
not the only one, nor is it necessarily the best.

Usually, the likelihood functions encountered in estimating ARMA mod-
els are smooth, and the possibility of having multiple maxima is negligible.
Consequently, it is sufficient to be able to calculate the first derivatives of the
likelihood for any vector ψ to reach the maximum, sooner or later.

3.2 Lag Selection

As for the second problem at the end of section 3, choosing the orders of the
polynomials A(L) and C(L) (call them p and q, respectively) used to be a
matter of highly skilled craftsmanship, which requires theoretical knowledge,
experience, and a keen eye. Luckily, things are much simple nowadays.

One may be tempted to think that p and q can be estimated along with the
rest of the parameters, but things are not this simple, because of the so-called
so-called common factors problem: start from an ARMA(p,q) process

A(L)xt = C(L)ϵt,
3The derivatives can be hard-coded in software or computed via a numerical approximation;

in the former case, they are said to be “analytical”, otherwise “numerical”. Analytical derivatives
are, when available, almost always preferable.
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and apply the filter (1 − λL) to both sides of the equality: call

Aλ(L) = (1 − λL)A(L)

and
Cλ(L) = (1 − λL)C(L),

so the resulting representation is

Aλ(L)xt = Cλ(L)ϵt, (3.2)

that is, an ARMA(p + 1,q + 1) process. The Wold representation for xt you get
with both representations is exactly the same, since

B(L) =
Cλ(L)
Aλ(L)

=
(1 − λL)C(L)
(1 − λL)A(L)

=
C(L)
A(L)

and the (1 − λL) factors cancel out. Note that λ can be literally any number
and the math works just the same.

The process xt, therefore, has a completely equivalent ARMA(p + 1,q + 1)
representation for all possible values of λ. Therefore, for every ARMA(p,q) rep-
resentation, you have infinitely many ARMA(p + 1,q + 1) representations that
are absolutely equivalent, because the shape of the autocorrelation function
is the same for every λ. As we say in econometrics, the model is under-
identified.4. Therefore, the value of the likelihood function is the same for any
λ, and thus there is no unique maximum: there are infinitely many maxima,
one for each value of λ.

Example 3.2.1 (Common factors) A simple example: what kind of process is

yt = 0.5yt−1 + ϵt − 0.5ϵt−1?

Easy, you will say: it is an ARMA(1,1). Quite right. However, it is also white noise;
in fact,

yt =
1 − 0.5L
1 − 0.5L

ϵt = ϵt.

In practice, I wrote a white noise process as an ARMA(1,1). This latter representation
is redundant, but not wrong. The important aspect to note is that my choice λ = 0.5
is completely irrelevant: I could have used 0.7, 0.1, or whatever. There are infinitely
many “not wrong” representations.

From a practical point of view, modelling an ARMA(p,q) as an ARMA(p+
1,q + 1) leads to all sorts of problems. First, numerical algorithms often

4I will briefly recap what is meant by the identification of a model in econometrics: a model is
said to be under-identified if there is more than one data representation consistent with what is
observed. In practice, it is not possible to decide on the basis of the data whether representation
A or representation B is more correct; in these cases, the expression “observational equivalence”
is used. If the model is parametric (as in the majority of cases), it is identified if the likelihood
function has a unique global maximum; consequently, a necessary condition for identification is
the non-singularity of the Hessian matrix at the maximum point. Identification is, clearly, itself a
necessary condition for the existence of a consistent estimator.
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struggle to converge (which is unsurprising, given that there is no unique
maximum). Second, even assuming that convergence is eventually achieved
somehow, the maximum point we find is only one of the infinitely many pos-
sible representations of the model5.

Therefore, before we embark on likelihood maximisation, we must make
a preliminary choice on p and q. Years ago, when CPUs were toys, RAM
was precious and software was scarce, textbooks used to recommend a rather
involved procedure,6 based on the fact that there are highly specific relation-
ships between the order of the polynomials and the autocorrelation struc-
ture. By examining of the sample autocorrelations, an initial hypothesis can
be made about the orders of the polynomials. If, for example, you note that
the sample autocorrelations cut off abruptly beyond a certain order q, the
you may consider using an MA(q) model, whose theoretical autocorrelations
exhibit the same feature. If, on the other hand, the autocorrelations decay
smoothly, an AR process might be better.

At this stage, statistics known as partial auto-
correlations (which, in practice, are never used
for any other purpose) were also employed.
Defining partial autocorrelations rigorously is
somewhat boring. It is quicker to say how they
are calculated: the partial autocorrelation of or-
der p is calculated by running a regression of

yt on a constant and yt−1 . . . yt−p. The result-
ing coefficient associated with yt−p is the par-
tial autocorrelation of order p. These quantities
cut off abruptly in the case of pure AR models,
and decay gradually in the case of pure MA
models.

Even today, some teachers inflict on their students these old-fashioned
techniques for choosing p and q by making elaborate considerations about
the shape of the autocorrelation function, while conveniently glossing over
that, in the majority of practical cases, you either have a highly trained eye
or you are left completely in the dark. The fact is that these techniques were
invented in an era when ML estimation of ARMA models was difficult and
expensive; as a result, it was essential to have as precise an idea as possible
of the potential values of p and q before attempting estimation. Today, ML
estimation of an ARMA model is ridiculously easy, and the art of interpreting
correlograms is for the fans of vintage items, like telephone boxes and vinyl
records.

The modern approach to the choice of p and q is based on special stat-
istics called information criteria. These are based on concepts taken from
information theory, and I am happy to refer to the literature for further de-
tails. Information criteria start from the value of the log-likelihood (multiplied
by -2) at the maximum and add a penalty function, which is increasing in the
number of parameters.

5It is true that all these representations have the same Wold representation, so the forecasts
they lead to and the impulse responses they generate are identical, but we have the problem that
any kind of testing in this case is precluded. Indeed, the maximum point we find is only one of
the infinitely many possible ones, and therefore the Hessian of the likelihood function is singular.
Since all test statistics are based in some way on the curvature of the likelihood function, it is
clear that tests cannot be performed.

6In the statistical literature this stage is known as the identification phase. This term some-
times causes a bit of confusion, because in econometrics the word ‘identification’ usually means
something else.
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Many different criteria exist, depending on the form of the penalty func-
tion. The most common ones, in the context of ARMA modelling are the
Akaike IC (AIC), the Schwartz IC (BIC, where B is for “Bayesian”) and the
one by Hannan and Quinn (HQC):

AIC = −2ℓ(ψ̂) + 2k (3.3)

BIC = −2ℓ(ψ̂) + k log T (3.4)

HQC = −2ℓ(ψ̂) + 2k loglog T (3.5)

where k is the dimension of the vector ψ (the number of estimated parameters)
and T is the sample size. The rule is to pick the model that minimises inform-
ation criteria, so you strike a balance between model fit (given by the value of
the log-likelihood) and the model size. Therefore, between two models, you
should choose the one with a lower IC.

In the light of what we said earlier, the logic should be clear. If p and/or q
are too small, the fit will be poor, and the IC will be large; if, conversely, p or q
are too large, the model will be over-identified and will give nearly the same
fit as a correctly identified one, while using more parameters. By choosing
the model with minimum IC, you try to pick a model that fits the data nicely
without being too complex.

Therefore, the modern approach is simply a brute-force one: you select
“maximal” orders p and q on the basis of economic/statistical common sense
and try all the possible combinations. The model that minimises your IC of
choice is the winner. Sometimes, the three criteria may not agree, but even if
they don’t your problem is reduced to picking one out of two or three at most.

Once estimation has been carried out, one usually checks whether the ‘re-
siduals’ (the one-step-ahead forecast errors) look like a white noise process.
The approach usually adopted is based on testing procedures which allow
us to determine whether a process is a white noise or possesses persistence.
The most widely used is the so-called Ljung-Box test, which is based on the
property that, with large T, sample autocorrelations for a white noise process
tend to 0: the actual test statistic is

LB(p) = T(T + 2)
p

∑
i=1

ρ̂2
i

T − i
;

it will be noted that it is substantially a weighted sum of the squared sample
autocorrelations up to order p. The smaller these are, the smaller the test
statistic will be; under the null hypothesis the true value of all autocorrelations
up to order p is 0, and the critical values are those of the χ2

p distribution.

3.3 Computing the log-likelihood

The third problem I hinted at near the end of section 3 is more intriguing:
essentially, we need to write the likelihood function in such a way that the
calculation of prohibitively large matrices is not required. The literature stud-
ied the specific problem of evaluating log-likelihood functions for Gaussian
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ARMA models in great detail between the 1970s and the 1980s, so that the
built-in algorithms found in econometric packages today are very stable and
efficient. Here, however, I want to illustrate a rather interesting technique
(the so-called sequential factorisation) because of its great ingenuity and its
generality (it is used in much more general cases than ARMA models).

To illustrate sequential factorisation, start from the definition of conditional
probability, which is

P(A|B) = P(A ∩ B)
P(B)

from which
P(A ∩ B) = P(A|B)P(B) = P(B|A)P(A).

If we apply this rule to the density function of a bivariate random variable,
we obtain

f (x,y) = f (y|x) f (x) = f (x|y) f (y). (3.6)

This little trick can also be repeated with a trivariate random variable, thus
obtaining

f (x,y,z) = f (x|y,z) f (y,z) = f (y|x,z) f (x,z) = f (z|x,y) f (x,y). (3.7)

By combining (3.6) and (3.7), one can clearly write, for example,

f (x,y,z) = f (z|x,y) f (x,y) = f (z|x,y) f (y|x) f (x)

and therefore a joint density function of n random variables can be written as

f (x1, . . . , xn) =
n

∏
i=1

f (xi|x1, . . . , xi−1)

thereby transforming a function of many variables into a product of functions
of one variable. In the simple case when the variables xi are independent
f (xi|x1, . . . , xi−1) = f (xi) and (as is well known), the joint density function is
the product of the marginals.

Since the likelihood function is nothing but the density function of the
sample, this same decomposition can be applied to the likelihood function,
and in the case of ARMA models it takes an especially nice form. Since in
ARMA models

yt = E(yt|Ft−1) + ϵt

(see equation (3.8)) we have that, conditionally on Ft−1, the distribution of yt is
the same as that of ϵt, and therefore the likelihood can be written equivalently
in terms of the one-step-ahead forecast errors rather than the yt values.

In the case of pure AR processes, the result is straightforward: in this case,
if the process is

yt = µ + φ1yt−1 + · · ·+ φpyt−p + ϵt

and ϵt is normal, the density function f (yt|Ft−1) is simply a normal distribu-
tion:

yt|Ft−1 ∼ N
(︂

µ + φ1yt−1 + · · ·+ φpyt−p,σ2
)︂

.
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In the case of an AR(1) process, we will have that

yt|Ft−1 ∼ N
(︂

µ + φyt−1,σ2
)︂

and therefore f (yt|Ft−1) = f (yt|yt−1): the only element of Ft−1 that matters
is the most recent one. Consequently, the likelihood can be written as

L(µ, φ,σ2) = f (y1) f (y2|y1) f (y3|y2) · · · = f (y1)×
T

∏
t=2

f (yt|yt−1).

Taking logarithms, we obtain

l(µ, φ,σ2) = log f (y1) + l̃(µ, φ,σ2) =

= log f (y1)−
1
2

T

∑
i=2

(︃
log2π + logσ2 +

(yt − µ − φyt−1)
2

σ2

)︃

= log f (y1)−
1
2

T

∑
i=2

(︃
log2π + logσ2 +

e2
t

σ2

)︃
,

where I adopted the notation et = yt − E(yt|Ft−1).
If the first term were zero, the remainder would be equal to a completely

standard log-likelihood function for a linear model in which the dependent
variable is yt, the explanatory variable is yt−1 (plus the intercept), and the
disturbance is normal with mean 0 and variance σ2.

As is well known, in this case OLS is the maximum likelihood estimator,
so that, if it were not for the log f (y1) term, we could simply run a regres-
sion to get the job done. But then, for very large samples, this term becomes
negligible in determining the total log-likelihood l(µ, φ,σ2), since (unlike the
second term), it does not grow as T increases. The OLS statistic, which max-
imise l̃(µ, φ,σ2), therefore converge towards the ML estimator, and asymptot-
ically share their properties7.

This line of reasoning also holds for AR(p) models: in this case, the first
term of the likelihood becomes log f (y1, . . . ,yp), but the argument remains
unchanged. Moreover, it is true that, under fairly general conditions, the
OLS estimator of the parameters of a stationary autoregressive process is a
consistent and asymptotically normal estimator even if the process ϵt is not
Gaussian; in these cases, the OLS estimator as asymptotically equivalent to
the quasi-maximum likelihood estimator, and it’s OK to use it (with the ap-
propriate corrections to standard errors). This is the case of dynamic regression,
where the asymptotic properties of OLS estimators can be proven via limit
theorems that are usually dealt with elsewhere in an Econometrics course, so
that I don’t have to do it here.

In the case of models with a moving average component, the discussion
becomes only slightly more intricate. As I have already pointed out in section

7In cases such as this, one speaks of conditional likelihood, to indicate that the likelihood
function we are using treats the first p observations as fixed, and therefore is based on the distri-
bution of yp+1 . . . yT conditional on y1 . . . yp. There are also techniques that maximise the so-called
exact likelihood, that is, the one which also takes into account the distribution of the first p
observations, but asymptotically it makes no difference.



3.4. USING ARMA MODELS 43

3.4.1, in an ARMA model, the white noise process driving the yt process can be
interpreted as the difference between yt and its expected value conditional on
Ft−1 (see eq. (3.8)). Consequently, if we assume that the distribution of yt con-
ditional on Ft−1 is normal, it follows that the one-step-ahead forecast errors
are a sequence of uncorrelated (and therefore independent) normal variables
with mean 0 and constant variance, so that the likelihood can be calculated
very simply using forecast errors.

3.4 Using ARMA models

If the parameters of an ARMA process are known, the model can be used
for two purposes: forecasting its future values and/or analysing its dynamic
characteristics.

3.4.1 Forecasting

We’ll build on a simple and intuitive argument: if there is persistence, and
the past contains information on the present, then the present contains in-
formation on the future, and we may be able to say something sensible on the
distribution of future values yT+1,yT+2, . . . on the basis of the available data.
Clearly, we’d like to do so by following some “optimal” rule.

The problem can be framed as follows: let us define a forecast function
for yt as some function of the variables contained in the information set FT−1.
That is, a forecast function is some rule yielding the forecast we make for
yt given its previous values, which we assume known. We call this value
ŷt = f (yt−1,yt−2, . . .). Our problem is choosing a forecast function that works
“well”.

To make this idea less fuzzy, let’s define the forecast error, as

et = yt − ŷt.

Clearly, we’d like et to be zero or very small as often as possible, so we must
consider its distribution. If yt is an ARMA process (or representable as such),
once we have the model in the form A(L)yt = C(L)ϵt, an assumption about
the distribution of ϵt makes it possible, at least in principle, to determine the
distribution of yt conditional on FT−1. In turn, this determines the conditional
distribution et|FT−1, which is crucial for choosing a forecast function.

Strictly speaking, an optimal choice should be made according to the fol-
lowing criterion:

1. first, choose a function c(et) (the so-called loss function), which associ-
ates a cost with the forecast error. In general, we have that c(0) = 0 (the
cost of a perfect forecast is 0) and c(et) ≥ 0 for et ̸= 0;

2. then, define the expected loss as

c∗ = E [c(et)|FT−1] = E [c(yt − ŷt)|FT−1] .

The quantity c∗ is the cost that, on average, we incur because of incorrect
forecasts. Clearly, we want it to be as small as possible;
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3. since c∗ is a function of ŷt, we choose ŷt in such a way as to minimise c∗;
that is, we define ŷt as that function which minimises the expected cost
of the forecast error.

It should be clear that the best forecast function depends on what the
loss function looks like: for example, if this function is asymmetric, choosing
the optimal forecast function may be non-trivial. The example I often use is
booking a restaurant: since the loss function in this case is asymmetric (it is
better to have empty chairs than people left standing), it is always advisable
to book for a slightly higher number of people than actually expected.

Fortunately, the matter becomes far less intricate if the loss function is
quadratic, that is, if C(et) = κe2

t for some positive number κ. In this case (which
can often be taken as a satisfactory approximation to the most appropriate cost
function), it can be shown that ŷt coincides with the conditional expectation:

C(et) = κe2
t =⇒ ŷT+1 = E(yT+1|FT).

This property is so convenient that, in the vast majority of cases, the condi-
tional mean is adopted as “the” forecast function with no justification neces-
sary.

Therefore, from now we’ll use the expected value of yT+1 as our forecast
function, assuming we can use a set of observations ranging from 1 to T:

ŷT+1 = E(yT+1|FT). (3.8)

In the case of a pure AR model, the solution is trivial, since all values of yt up
to time T are known, and therefore E(yt−k|FT) = yt−k for any k ≥ 0:

E(yT+1|FT) = φ1yT + · · ·+ φpyT−p+1 + E(ϵT+1|FT).

The value of E(ϵT+1|FT) is evidently 0, since the memoryless property of
white noise ensures that there is no information available at present regard-
ing the future of ϵ; consequently, E(ϵT+1|FT) = E(ϵT+1) = 0. Therefore, the
forecast of yT+1 is

ŷT+1 = φ1yT + · · ·+ φpyT−p+1. (3.9)

For the two-step-ahead forecast, start from the expression

ŷT+2 = E(yT+2|FT) = φ1E(yT+1|FT) + · · ·+ φpyT−p+2 + E(ϵT+2|FT),

which, using the same logic, can be easily shown to be equal to

ŷT+2 = φ1ŷT+1 + · · ·+ φpyT−p+2

and more generally,

ŷT+k = φ1ŷT+k−1 + · · ·+ φpŷT+k−p,

where, ŷT+k = yT+k for k ≤ 0. Note the intriguing parallelism between A(L)yt =
ϵt and A(L)ŷt = 0, which is easily obtained by considering the expected value
(conditional on Ft−1) of the first of the two expressions.
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Example 3.4.1 Given the following AR(2) process

yt = 0.9yt−1 − 0.5yt−2 + ϵt,

suppose we observe a realisation of this process, and that the last two observations are
equal to: yT−1 = 2 and yT = 1. The best forecast for yT+1 is

ŷT+1 = 0.9 × 1 − 0.5 × 2 = −0.1,

while the forecast for yT+2 is

ŷT+2 = 0.9 × (−0.1)− 0.5 × 1 = −0.59,

and going on is easy. For the record, the following five values are −0.481, −0.1379,
0.11639, 0.173701, 0.098136.

Of course, evaluating the conditional mean provides a point forecast, but says
nothing about the reliability of the forecast — that is, about the variance of
the forecast error. This is not a topic on which I wish to dwell for too long
(although this point is explored in more detail in Section 5.A.2 in the more
general case of multivariate processes). For the interested reader, I will simply
suggest, in addition to the usual bibliographic references at the end, that a
useful exercise would be to prove that, in the case of an AR(1) process,

V(ŷT+k) = σ2 1 − φ2k

1 − φ2 .

It may be interesting to note that the forecast error variance is always smal-
ler than the unconditional variance of yt: leveraging on the persistence charac-
teristics of the time series makes its future behaviour less uncertain. Moreover,
as k → ∞, the two variances tend to coincide; this occurs because, in stationary
AR(1) processes, persistence is always of a short-term nature. Knowledge of
the current state of the system is no more informative about its remote future
than its unconditional distribution is: for a sufficiently large k, yt and yt+k are
virtually uncorrelated (and therefore, if Gaussian, virtually independent).

Note that here we are treating the true para-
meters of the process as known, whereas in fact
all we usually have are estimates; therefore, the
variance of the forecast error in principle de-
pends not only on the intrinsic variability of the
process σ2, but also on the uncertainty on the
parameters of the process itself.
For example, take an AR(1) process for which
we have a parameter estimate φ̂; the argument
above would have us analyse

ŷT+k = E(yT+k |FT) = E(φ̂ · yT+k−1|FT),

where φ̂ cannot be “taken out” of the expecta-
tion operator, because it is an estimator and not
a constant.
That said, this distinction is important in the-
ory, but in practice nobody bothers, and people
normally uses the estimates as if they were the
true parameters. This is justified because, with
consistent estimators, for very large T the dis-
tinction becomes immaterial.

In the more general case of processes with an MA part, forecasting can still
be carried out by applying the same concept. In particular, it should be noted
that if Ft−1 has no lower bound in time, it includes not only all past values
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of yt but also those of ϵt. This is quite obvious by considering that ϵt can be
defined as

ϵt = yt − E(yt|Ft−1).

If we assume the process yt to be invertible, then it can be written as

C(L)−1 A(L)yt = G(L)yt = ϵt

from which we obtain

yt = g1yt−k−1 + g2yt−k−2 + · · ·⏞ ⏟⏟ ⏞
E(yt |Ft−1)

+ϵt

and therefore, given Ft, all the elements of the sequence ϵt up to time t can be
considered known (as in “available from Ft”)

With this proviso, the conditional expectation operator can be applied to
every component of an ARMA model. The fact that the available information
set is not infinite represents only a minor issue. Indeed, if we only have
observations over the time span {0 · · ·T}, a very convenient solution is to
extend our information set backwards by using the unconditional mean values
of y−1, y−2, · · · etc. If the process is stationary and ergodic, as the sample size
increases, the difference is negligible.8

I shall illustrate this point using an ARMA(1,1) process: once the concept
is clear, its generalisation is trivial. Let us take, therefore, a process like

yt = φyt−1 + ϵt + θϵt−1.

Let us place ourselves at time 0, when no observations are available. What is
the best forecast we can make for y1? Since we have no data, the conditional
mean coincides with the marginal mean, and therefore ŷ1 = E(y1) = 0. One
period passes, and we observe the actual value y1. At this point, we can
calculate the forecast error for period 1, namely e1 = y1 − ŷ1; since ŷ1 is 0, for
the reasons just mentioned, it follows that e1 = y1. Our forecast for ŷ2 is given
by the following formula:

ŷ2 = E(y2|F1) = E(φy1 + ϵ2 + θϵ1|F1) = φE(y1|F1) + E(ϵ2|F1) + θE(ϵ1|F1).

Let’s consider these terms one by one, bearing in mind that F1 = {y1}: clearly,
the first two terms create no problems, since E(y1|F1) = y1 (this is obvious)
and E(ϵ2|F1) = 0 (by assumption). But what about E(ϵ1|F1)? Since ϵ1 can
also be interpreted as the forecast error that would be made at time 0 if the
information set were infinite, then the best possible forecast we can make regarding
the forecast error at time 1 is exactly the forecast error that we actually made. Based
on this concept, we can formulate our forecast for y2 as

ŷ2 = φy1 + θe1.

8The exact calculation can be carried out, if desired. There are many ways to do this, but the
most common — also because it is easily automated — is to use a tool called the Kalman filter.
For those who wish to know more, further details can be found in the literature.
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Let another period pass, and we observe y2; from this, we calculate e2, and the
process continues, in the sense that at this stage we have everything we need
to calculate ŷ3 = φy2 + θe2, and so forth. In practice, one-step-ahead forecasts
for processes of the type

yt = φ1yt−1 + · · ·+ φpyt−p + ϵt + θ1ϵt−1 + · · ·+ θqϵt−q

are computed as follows:

ŷt = φ1yt−1 + · · ·+ φpyt−p + θ1et−1 + · · ·+ θqet−q, (3.10)

that is to say, by using the actually observed values of yt and the values of
past forecast errors in place of ϵt−i.

A brief digression. One might legitimately
wonder what the practical value is of fore-
casts made in this way, given that ARMA pro-
cesses are merely a stylised and approximate
representation of the time series we observe. In
other words, the historical persistence charac-
teristics of the time series are summarised by
pretending that our data series is a realisation
of suitably-chosen ARMA process.
There is no logical reason, however, why an
approximation that worked well for the past
should continue to work well for the future.
Yes, we assume that the data-generating pro-
cess is stationary, but this may well be just
wishful thinking. The stationarity assumption
means, more or less implicitly, that the set of
circumstances that have hitherto ensured that a
given process is a good approximation of the
behaviour of that given time series will con-
tinue to hold over the forecast horizon of in-
terest.
This condition is often plausible when the

series is a description of a reasonably stable
physical phenomenon (for example, the tem-
perature recorded daily at a certain geograph-
ical location at a certain hour). However, in
the case of economic phenomena, this may be a
rather bold assumption, as the causal chain of
events that combine to determine the value of
the series at any given moment is likely to be
more unstable. I would consider it unprofes-
sional to make a forecast for the price of crude
oil based exclusively on an ARMA process that
does not, for instance, take into account the
political situation in Venezuela, or the state of
affairs between Iran and the US.

More precisely, an ARMA model forecast
should be accepted as a conditional forecast for
a specific scenario: if and only if the political
situation in Venezuela (and in Iran, and in the
United States, etc.) remains more or less as it is
today, then it can be said that, and so on and so
forth.

3.4.2 Persistence analysis

There are many ways a persistent process can behave:9 you can have cycles,
seasonality, and all sorts of different features. To assess qualitatively these
features, you can use the so-called impulse response function. This object
can be described by considering the equation

yt = E [yt|Ft−1] + ϵt = ŷt + ϵt,

that comes from equation (3.8).
The value of yt can therefore be interpreted as the sum of two components:

one (ŷt) which, at least in principle, is perfectly predictable given the past; the
other (ϵt) which is absolutely unpredictable. In other words, the value of

9All white noise processes are alike; each persistent process is persistent in its own way. With
apologies to L. Tolstoy.
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yt can be thought of as depending on a persistence component to which a
random disturbance or, as it is commonly known, a random shock is added,
summarising everything unpredictable that occurred between time t − 1 and
time t. The effect of this component, however, also propagates into the future
of the series yt through the persistence effect. This is why the white noise
process ϵt is often called, in a more neutral form, the one-step-ahead forecast
error or innovation.

Therefore, by writing the process in MA form (or, if you like, by consider-
ing its Wold representation)

yt = A(L)−1C(L)ϵt = B(L)ϵt

the i-th coefficient of the polynomial B(L) can be thought of as the effect that a
shock occurring i periods ago has on the current value of yt, or, equivalently,
as the impact that today’s events will have on the series under study in i
periods’ time:

bk =
∂yt

∂ϵt−k
=

∂yt+k
∂ϵt

. (3.11)

The impulse response function is simply given by the coefficients of the MA
representation of the process as a function of the lag k, and it is generally
represented by a plot with the values of k on the horizontal axis and the
values of bi on the vertical axis.

To compute the Wold representation of an ARMA process, in principle we
need the inverse polynomial of A(L). This can be rather tedious, especially
if the order of the autoregressive component is high. Fortunately, the same
computation can be performed recursively, by a algorithm so simple that it
can even be implemented on a spreadsheet:

1. define a series et that contains all zeros except for one period, in which
it equals 1. In other words, define a series et for which e0 = 1 and et = 0
for t ̸= 0;

2. define a series bt, be equal to 0 for t < 0; for t ≥ 0, instead, let A(L)bt =
C(L)et hold.

The values obtained for the series bt are exactly the Wold representation coef-
ficients, that is the values of the impulse response function.

Example 3.4.2 Let us take, for example, the following ARMA(2,1) process:

yt = yt−1 − 0.5yt−2 + ϵt + 0.75ϵt−1

and say that, at time t, an “unpredictable event” equal to 1 has occurred (that is to
say, ϵt = 1). What effect does this have on the values of y from time t onwards? Let’s
go one step at a time. At time t, clearly, the effect is 1, since ϵt acts directly on yt and
does not affect its other components. At time t + 1, we will have that

yt+1 = yt − 0.5yt−1 + ϵt+1 + 0.75ϵt,

and the effect of ϵt on yt+1 will be twofold:

∂yt+1

∂ϵt
=

∂yt

∂ϵt
+ 0.75.
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Figure 3.1: Impulse response function for yt = yt−1 − 0.5yt−2 + ϵt + 0.75ϵt−1
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On the one hand, there is a direct effect, associated with a coefficient of 0.75; on the
other hand, one must take into account the fact that the effect of ϵt is also contained
within yt, which is associated with a coefficient equal to 1. Therefore, the total effect
will be 1.75.

Moving forward by another period, the direct effect disappears, and only the effect
generated by the lagged values of y remains. Doing some calculations, the effect of ϵt
on yt+2 is found to be 1.25. The following small table may be helpful:

t et it
-2 0 0
-1 0 0
0 1 b−1 − 0.5b−2 + e0 + 0.75e−1 = 1
1 0 b0 − 0.5b−1 + e1 + 0.75e0 = 1.75
2 0 b1 − 0.5b0 + e2 + 0.75e1 = 1.25
3 0 b2 − 0.5b1 + e3 + 0.75e2 = 0.375
...

...
...

If you have the patience to carry on up to 20 periods, you will be able to draw a plot
like the one in Figure 3.1: it can be seen quite clearly that, after 8 periods, the function
reproduces (with some obvious decay) more or less the same dynamics. Consequently,
it is reasonable to expect that a realisation of this process will exhibit cyclical patterns
with a wavelength of approximately 8 periods.

A final remark: one might be led to believe that the Wold representation
and the impulse response function are the same thing. Well, not necessarily:
the impulse response function is defined as in equation (3.11), and can always
be calculated, even if the process is not covariance-stationary, and, therefore,
does not possess a Wold representation. However, if the process is in fact
stationary, then the impulse response and the Wold representation coefficients
coincide.



50 CHAPTER 3. ARMA MODELS

3.5 In practice

To illustrate how everything works, let us take the case where we want to
set up a model for a time series that we have already spent some time on in
Section 1.4, namely US industrial production10. The available data are plotted
in Figure 3.2.

Figure 3.2: USA industrial production: seasonally adjusted index (1919–2018)
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To begin with, you will notice that the time series is very long: it runs from
January 1919 to December 2018. ‘Wow, over a thousand observations!’, some
might say, ’when it comes to sample size, the more the better!’. Well, not really.
Let me remind the reader that what we are trying to do is find a stochastic
process such that these data can be thought of as a single realisation.

Now, the “true” stochastic process that generated this time series (assum-
ing it exists) is something that has surely changed a lot over our observation
window. Within the timespan of our data, you get Charlie Chaplin, World War
II, the invention of the ballpoint pen, Marilyn Monroe, personal computers,
Smells Like Teen Spirit, and YouTube.

I find it somewhat bold to postulate the existence of a data representation
that survives all this intact. In the terms of Chapter 1, we could say with a
certain degree of confidence that the “true” stochastic process that generated
the data is non stationary. If we really want to force this series into the real-
isation of a stationary process, it is advisable to shorten the sample to make
our fictional assumption a little less unrealistic. In this case, economists like
to say that we are trying to avoid strucural breaks11; it should be noted that this
line of reasoning is possible without even looking at the data.

By a completely arbitrary decision (this is just an example, after all), I de-
clare that the world we live in today began in January 1980. I also decided
to use the log-transformed series. This is a very common procedure, and it

10For those who are familiar with these matters: I have taken a shortcut and used the seasonally
adjusted series. These people will easily guess why.

11Some methods exist for working with time series containing structural breaks, but these are
a bit too esoteric for these lecture notes.
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allows for a more natural interpretation, since first differences are (approxim-
ately) percentage changes.12

The result is the time series in Figure 3.3, which is long enough to allow
us to say something interesting (480 observations), but at the same time tells
us a reasonably homogeneous story.

Figure 3.3: Logarithm of US monthly industrial production
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Can we now claim to be observing a realisation of a stationary process?
Again, the answer is “probably not”. Here, however, the problem does not
arise from the heterogeneity of the sample, but from the upward trend you
see in Figure 3.3, which evidently precludes us from thinking that the process
has a constant mean. One might consider including a deterministic trend in
our descrition of the data, that is, something of the type Yt = (a + bt) + ut,
where ut is some ARMA process.

This wouldn’t be unreasonable, especially because the parameter b could
be interpreted as the long-run exogenous rate of technical progress. However,
this is not such a good idea, for reasons that I will explain in Chapter 4.
For now, will simply hint at the fundamental problem: even after removing
a deterministic trend, this time series is too persistent to conclude that its
generating process is stationary.

Another possibility is to transform the time series in such a way to get rid
of the problem, but retaining economic interpretability. We brilliantly solve
the problem by taking first differences and considering yt = 100∆Yt; you can
admire the result in Figure 3.4 and, like I said earlier, is roughly the monthly
growth rate in percentage points.

Figure 3.5 shows the correlogram for yt. The two horizontal dashed lines
surrounding the actual correlogram show the constants ±1.96/

√
T, where T

is the sample size; since T = 468 observations, this value is around 0.091.
These two lines are often included in correlograms to provide a quick-and-
dirty hypothesis test: sample autocorrelations ρ̂k are consistent estimators of

the true autocorrelations ρk; if ρk = 0, then it can be shown that
√

Tρ̂k
d−→

N(0,1). Consequently, the horizontal band ±1.96/
√

T is the 95% non-rejection

12Let me recall that log(yt)− log(yt−1) = log(1 + ∆yt
yt−1

) ≃ ∆yt
yt−1
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Figure 3.4: Industrial production growth rate
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Figure 3.5: Industrial production growth rate — correlogram
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region for the hypothesis ρk = 0; in practice, autocorrelations outside the band
are “statistically significant”.

As can be seen in Figure 3.5, there are at least six significant bars (possibly
more) so we can reasonably rule out the hypothesis that yt possesses no per-
sistence (something which a trained eye could have spotted from Figure 3.4).
Furthermore, the Ljung-Box test up to 12 lags equals 169.117; under the null,
this would be a realisation of a χ2

12 so the p-value is 0 and rejecting the null
hypothesis is the only possible choice.

Persistence, therefore, is indeed present and an ARMA model is worth
trying. Let’s choose p and q by the “brute-force” approach I described in
Section 3.2. Set (quite arbitrarily) the maximum order for p and q to 4 and try
all possible combinations using use the Akaike (AIC), Schwarz (BIC), and the
Hannan–Quinn (HQC) information criteria.

Table 3.1: ARMA models for the USA industrial production index: informa-
tion criteria

Akaike (AIC)
PPPPPPAR

MA
0 1 2 3 4

0 951.902 927.161 910.325 897.223 881.182
1 914.737 881.204 880.187 881.677 882.289
2 890.737 880.565 881.900 883.666 883.323
3 882.024 881.726 883.308 873.083 874.720
4 880.354 880.748 879.687 882.956 876.011

Schwartz (BIC)
PPPPPPAR

MA
0 1 2 3 4

0 960.199 939.607 926.919 917.965 906.073
1 927.183 897.798 900.929 906.568 911.328
2 907.331 901.308 906.790 912.706 916.510
3 902.766 906.617 912.347 906.270 912.056
4 905.245 909.788 912.875 920.292 917.496

Hannan-Quinn (HQC)
PPPPPPAR

MA
0 1 2 3 4

0 955.167 932.059 916.855 905.385 890.976
1 919.634 887.734 888.349 891.471 893.715
2 897.267 888.728 891.694 895.093 896.382
3 890.186 891.520 894.735 886.142 889.412
4 890.148 892.175 892.747 897.647 892.335

As I argued back in Section 3.2, the choice is made by selecting the model
for which the criterion is lowest. Now, take a look at Table 3.1, where rows
indicate the AR order and the columns the MA order; for each table, I high-
lighted the minimum by framing it in a small box. As can be seen, the choice is
not unique: while AIC and HQC suggest an ARMA(3,3), BIC opts for a more
conservative ARMA(1,1). This is no coincidence: as a rule, AIC usually tends
to be rather permissive in terms of the total number of parameters, whereas
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BIC has the opposite tendency. HQC generally opts for a middle ground.13

The information criteria, therefore, don’t give us a clear winner, but at
least the choice is restricted to two models. Let’s have a closer look at them.
In both cases, the correlogram of the one-step-ahead forecast errors, what we
would call the residuals in a regression context, is fairly flat and the relative
Ljung-Box test accepts the null without any problems. I’m not reporting these
statistics here to avoid interrupting the flow of the argument; the core point is
that is that both these models adequately capture the series’ persistence. That
said: is one preferable to the other, for whatever reason?

Table 3.2: ARMA(1,1) model

Coefficient Std. Error z p-value
const 0.1353 0.0690 1.9602 0.0500
ϕ1 0.8560 0.0431 19.8457 0.0000
θ1 −0.6420 0.0607 −10.5816 0.0000

Mean dependent var 0.140598 S.D. dependent var 0.664580
Mean of innovations 0.001256 S.D. of innovations 0.613140
R2 0.147043 Adjusted R2 0.145258
Log-likelihood −446.4203 Akaike criterion 900.8405
Schwarz criterion 917.5357 Hannan–Quinn 907.4030

Real Imaginary Modulus Frequency
AR

Root 1 1.1682 0.0000 1.1682 0.0000
MA

Root 1 1.5575 0.0000 1.5575 0.0000

The ARMA(1,1) model, shown in Table 3.2, has the virtue of being the more
parsimonious one. Its goodness of fit is admittedly limited: the standard de-
viation of one-step-ahead forecast errors (σ̂) is approximately 0.615, which is
only slightly smaller than the observed time series’ standard deviation, which
is 0.667. The R2 index, which has the same interpretation as in an ordinary re-
gression model, is just 14.8%. This means that the unconditional dispersion of
yt is barely lower than the dispersion of the distribution conditional on Ft−1.
Some persistence is certainly there, and it does in fact help us somehow to
predict the series, but only to some extent (more on this later).

The ARMA(3,3) model (Table 3.3) shows a slightly different scenario where
the standard deviation of forecast errors is slightly smaller (0.604) and the R2

index goes up to 17.8%. Therefore, you get a barely noticeable improvement.
One may be tempted to point out that all the parameters in the table appear to
be very significant and therefore consider the model in Table 3.3 as preferable
on these grounds, despite being larger in size; this is, after all, what you would
do when you interpret the output from a regression.

13Moreover, it is true that the Akaike information criterion, which has its own historical im-
portance because it was the first one to be invented, has the problem, compared to the others, of
not being consistent: it can be shown that the probability of it selecting the “correct” model does
not necessarily converge to 1 asymptotically, as happens with the other two; consequently, it is
slightly out of favour today.
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Table 3.3: ARMA(3,3) model

Coefficient Std. Error z p-value
const 0.1378 0.0669 2.0591 0.0395
ϕ1 1.9661 0.1079 18.2249 0.0000
ϕ2 −1.7748 0.1718 −10.3313 0.0000
ϕ3 0.7031 0.0934 7.5298 0.0000
θ1 −1.8041 0.1053 −17.1385 0.0000
θ2 1.6848 0.1346 12.5167 0.0000
θ3 −0.6221 0.0840 −7.4027 0.0000

Mean dependent var 0.140598 S.D. dependent var 0.664580
Mean of innovations 0.000454 S.D. of innovations 0.602790
R2 0.175611 Adjusted R2 0.166914
Log-likelihood −438.4843 Akaike criterion 892.9687
Schwarz criterion 926.3590 Hannan–Quinn 906.0937

Real Imaginary Modulus Frequency
AR

Root 1 1.1744 0.0000 1.1744 0.0000
Root 2 0.6750 −0.8692 1.1005 −0.1449
Root 3 0.6750 0.8692 1.1005 0.1449

MA
Root 1 1.4838 0.0000 1.4838 0.0000
Root 2 0.6122 −0.8417 1.0408 −0.1499
Root 3 0.6122 0.8417 1.0408 0.1499

However, consider the bottom part of the table, where the roots of the
polynomials are shown. For example, the estimated AR polynomial

A(z) = 1 − 1.9957z + 1.8314z2 − 0.7309z3

has three roots, that is

A(z) = 0 ⇐⇒ z =

⎧⎨⎩
λ1 = 1.1719
λ2 = 0.6668 − 0.8501i
λ3 = λ̄2 = 0.6668 + 0.8501i

so it can be written as

A(z) =
(︃

1 − z
λ1

)︃(︃
1 − z

λ2

)︃(︃
1 − z

λ3

)︃
,

and a similar expression holds for C(L).
Two of the roots of A(L) are the pair of complex numbers 0.6668 ± 0.8501i

(which, incidentally, are suspiciously close to 1 in modulus), which is accom-
panied by the pair of complex numbers 0.6102 ± 0.8221i among the roots of
C(L). One may suspect that we are are very close to the “common factors”
situation here (go back to page 38 if needed). If those complex roots were the
same, they could be “simplified” from the Wold representation and we’d be
back to an ARMA(1,1) model.

In other words, the estimate in Table 3.3 may be an inflated estimate with
parameters that serve no purpose at all. In fact, the other roots of the two
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polynomials are very close to those of the ARMA(1,1) model; in other words,
what you see in table 3.3 could well be the exact same model from table 3.2 in
disguise.

Figure 3.6: Impulse response functions
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Is this the case? Well, here is where the different information criteria dis-
agree: BIC says “they’re the same model”, AIC and HQC say “no, they’re
not” so you have to make a decision yourself. To make a choice, it may be
helpful to compute a likelihood-ratio test between the two models. I’ll leave
that to you as an exercise, but for the lazier part of my readers, I’ll say that the
associated p-value is 0.0028, so the null would be rejected. Moreover, consider
Figure 3.6, which contains, for the two models examined here, the impulse
response function up to 18 steps, or, in other words, a graphical representa-
tion of the first 18 coefficients of the polynomial C(L)

A(L) . Notice how the impulse
responses for the ARMA(1,1) and ARMA(3,3) models are very close to one
another, especially for the first five terms. The only noticeable difference is a
slight undulating pattern for the ARMA(3,3) model, which is due to the the
complex roots in the AR and MA polynomials not cancelling out exactly and
seems to suggest a faint 7-month cycle. In practice, these two models are two
alternative possibilities for summarising a feature of persistence in the series
that is roughly equivalent.

Another way to see the substantial equivalence of the two models is to
consider what happens when using them as forecasting models: let’s see what
happens if we try to use the two models for out-of-sample forecasting into the
year 2019: Table 3.4 displays the actual values and the forecasts for our two
models. The same date are used to plot Figure 3.7, where the shaded area is
the period outside FT .

The two forecasts are very similar to each other. This should come as no
surprise, since we already stablished that the two Wold representations are
very much alike. More worryingly, the two forecasts bear little resemblance
to the actual series. For each model, we can compute a quantity called RMSE
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Table 3.4: Out-of-sample forecasts
yt ARMA(1,1) ARMA(3,3)

2019:1 -0.667 0.108 0.197
2019:2 -0.548 0.114 0.238
2019:3 0.038 0.118 0.205
2019:4 -0.587 0.122 0.133
2019:5 0.115 0.126 0.078
2019:6 0.045 0.129 0.079
2019:7 -0.486 0.131 0.127
2019:8 0.682 0.133 0.181
2019:9 -0.339 0.135 0.202
2019:10 -0.848 0.136 0.180
2019:11 0.501 0.138 0.137
2019:12 -0.233 0.139 0.107

Figure 3.7: Forecasts
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(Root Mean Squared Error), defined as

RMSE =

√︃
1
H ∑ e2

T+i,

where H is the forecast horizon (12 in this example) and et are the forecast er-
rors. Here, it is the ARMA(1,1) model that has a slight edge: its RMSE is 0.555,
slightly smaller than the one for the ARMA(3,3) model (0.587). But again, it’s
a very small difference and the two models are essentially equivalent.

On these grounds, the choice between the two models becomes essentially
a matter of taste. Personally, I would probably go for the ARMA(3,3) model
because the weak evidence for a 10-month cycle may have some some inter-
esting economic interpretation (provided it’s not an artifact), but if one chose
the ARMA(1,1) model on the grounds of parsimony, I’d have no objections.
For all practical purposes, the two models work equally well (that is, not a
lot).

The reader may be struck by the poor forecasting performance of the two
models I considered. The reason is that the only source of information we’re
using here is the past of the series itself: the persistence of the series, whilst
non-negligible, provides little information on the future (let me remind you
that the R2 indices for the two model were rather small). There is very little,
in the information set used by our two ARMA models, that could have pre-
dicted the all the countless macroeconomic factors affecting industrial pro-
duction. Almost nothing of these events could have been predicted in the
industrial production data alone; in other words, our information set FT is
simply too limited. In fact, this is a much more general point: the quality of
the predictions that any model can make, no matter how fancy and sophist-
icated, depends primarily on how much information the model incorporates.
Forecasting is no black magic, and, generally speaking, univariate time-series
models only predict decently a few steps ahead.

The lack in predicting power of these two models would have become even
more spectacular if I had considered daya for 2020, with the COVID outbreak
and the consequent major collapse in industrial production that took place
before of that. The moral of the story is: in economics, an ARMA model can
serve, at most, for short-term forecasting during tranquil periods. If you really
want a job as a soothsayer, use ARMAs, but follow the news too.



Chapter 4

Unit roots

4.1 Typical features of macro time series

All the apparatus described in the previous chapters hinges on the idea that
economic time series can be modelled as realisations of stationary stochastic
processes. Unfortunately, this is not the standard situation with macroeco-
nomic time series. Just for example, let’s take a look at quarterly real GDP for
the Euro area (log, seasonally adjusted), which is shown in Figure 4.1.

Figure 4.1: log(GDP)
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As can be seen, the series exhibits a clear upward trend over time, which
precludes the possibility of modelling it via a stationary process. In this case,
it would be more appropriate to use a process whose mean changes over time.
However, one might think of modelling log GDP as follows: suppose that this
series follows a stable deterministic growth trend over time (arguably driven
by technical progress and capital accumulation), that we can, at least as a first
approximation, represent as a linear function of time. The difference between
the actual series and the long-term trend would be the “business cycle”, which
can be thought of as a stationary process, because economic cycles are a zero-
mean, short-term phenomenon by definition.

59
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Therefore, we would have a representation of the type

yt = α + βt + ut,

where ut is some stationary, zero-mean stochastic process.
Strictly speaking, the process yt just described is not a stationary process,

since E(yt) = α + βt, and therefore the mean of yt is not constant (for β ̸= 0).
However, the non-stationarity of the process is restricted to this aspect. If
we consider deviations from the trend, what remains is a stationary process,
which can be analysed using the techniques I described earlier. It is for this
reason that processes of this type are called trend-stationary processes, or TS
processes.

Figure 4.2: log(GDP) and deterministic trend
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Figure 4.3: Residuals
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If the process yt is TS, then the parameters α and β can be consistently
estimated using OLS, and standard inference applies. Once α̂ and β̂ are ob-
tained, it’s easy to obtain a trend-cycle decomposition of the series: the series
ŷt yields the trend as a linear function of time, while the cycle is be given by
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the residuals
ût = yt − α̂ − β̂t.

In our case, the two time series are shown in Figures 4.2 and 4.3. Looking at
the latter, even a beginner’s eye will conclude that the residuals are not white
noise. However, it is conceivable that one could find an ARMA process of
some order that accounts for the persistence characteristics of ût.

An alternative option for representing the series would be to consider the
series ∆yt. Given that we are working with logarithms, this series (the trend of
which is shown in Figure 4.4) can be interpreted as the time series of quarterly
growth rates.

Figure 4.4: ∆log(GDP)
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Since the growth rate should (arguably) fluctuate within a band, one could
perhaps represent the series ∆yt as a stationary process, possibly with a non-
zero mean. Note that, in this context, yt is a unit root process: if ∆yt were
indeed stationary, it would have a Wold representation of the type

∆yt = µ + C(L)ϵt,

where µ is the average growth rate. This expression describes yt as an ARMA
process, where A(L) = 1 − L; consequently, the value of z for which A(z) = 0
is 1. As we know (see Section 2.4), a unit root process is not stationary, but
its first difference is. Processes like these, that can be made stationary by
differencing are said to be difference-stationary, or DS. Another frequently
used expression is that yt is an I(1) process (read as integrated of order one),
meaning that yt must be differenced once for the result to be stationary. This
is often abbreviated as yt ∼ I(1).

What happens when you difference an I(0)
process? Obviously, the resulting process is sta-
tionary, but we know that, by construction, it
has a unit root in its MA representation, so it is
not invertible.
In this case, some argue that it makes sense to

extend the notation just illustrated to negative
integers. For example, if ut ∼ I(0), following
this convention one could say that ∆ut is I(−1).
Like all conventions, it is good insofar as it is
useful. I personally have not yet made up my
mind about it, but I feel I should I tell you.
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To properly appreciate the different consequences that arise from the choice
of modelling a series as a TS process or as a DS process, it is necessary to ana-
lyse in detail the characteristics of unit root processes, which is the subject of
the following two sections.

4.2 Unit root processes

As I have just said, an I(1) process is a process that is not stationary, but
its first difference is. Therefore, you have a particularly benign form of non-
stationarity, in that it can be easily treated by differentiation. More generally,
an I(d) process is defined as a process whose d-th difference is stationary. As
far as we are concerned, we will focus only on the cases where d is 0 or 1,
although there is a vast body of literature dedicated to more exotic cases.1

The most basic I(1) process we consider is the so-called random walk.
Its definition is simple: yt is a random walk process if ∆yt is white noise.
Therefore, yt = yt−1 + ϵt, and as a consequence, by repeatedly substituting the
past values of yt−1, we obtain

yt = yt−n +
n−1

∑
i=0

ϵt−i.

What does a process like this look like? To make things easier, assume that
the process started at some remote time, which we call time 0, and that at that
date the value of yt was y0 = 0. In this case, the previous expression reduces
to

yt =
t

∑
i=1

ϵi. (4.1)

Note that this expression can be viewed as some sort of moving average rep-
resentation of yt, where all the coefficients are equal to 1. As such, this is not
a Wold representation, because the coefficients are not square-summable.

How about its moments? If we assume, like we just did, that y0 = 0, its
conditional moments are not hard to find:

E(yt|y0) = E

[︄
t

∑
i=1

ϵi

]︄
=

t

∑
i=1

E(ϵi) = 0

V(yt|y0) = V

[︄
t

∑
i=1

ϵi

]︄
=

t

∑
i=1

V(ϵi) = tσ2

where the various equalities above are simple consequences of ϵt being white
noise. It is clear that, at any time t, the conditional mean of the process is
0: OK so far. The variance, however, is not constant, as yt is the sum of t
independent random variables with a variance of (say) σ2; it follows that the

1An obvious one is I(2), which needs no explanation, but it is also possible, using concepts
slightly more complex than those I am discussing here, to define processes where the order of
integration d is not an integer. Finally, it is relatively easy to construct examples of processes that
cannot be made stationary by differentiation, no matter how many times you repeat it.
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variance of yt is tσ2, and therefore increases over time. From this, and from
Cov(yt,ys) = σ2 min(t, s) (proving this is a useful exercise), it follows that yt is
not stationary. Even worse, its unconditional moments don’t exist at all (by the
argument developed in section 2.4).

You may also see a random walk process as a limiting case of an AR(1)
process where φ = 1 and the persistence characteristics are so extreme as to
alter the qualitative features of the process. Furthermore, one can consider its
associated impulse response function: although the Wold representation does
not exist, the impulse response function is perfectly defined as IRFk =

∂yt+k
∂ϵt

.
In this case, it is equal to 1 for all values of k, so it is flat and does not decay
exponentially as in the stationary case; this means that the effect of a shock at
time t persists indefinitely into the future.

This “infinite memory” feature also implies that random walk processes
do not share with stationary processes the property of being mean-reverting.
A process is mean-reverting tends to move preferentially towards its expec-
ted value; for a process with a mean of 0, this means that the graph of the
process crosses the horizontal axis ‘often’. More formally, the phrase is usu-
ally employed to describe a process whose impulse response function tends
asymptotically to 0.

Table 4.1: Stationary AR(1) versus random walk

yt = φyt−1 + ϵt
|φ| < 1 φ = 1

Variance Finite Unlimited

Autocorrelations ρi = φi ρi =
√︂

1 − i
t

mean-reverting Yes No
Memory Temporary Permanent

Table 4.1 (adapted from Banerjee et al. (1993), page 85) highlights the dif-
ferences between a stationary AR(1) process and a random walk.

Evidently, the choice between a TS process and
a DS process for modelling a variable such as,
say, log GDP entails significant consequences
for analysing the long-run trend of that vari-
able. If log GDP were representable as a real-
isation of a TS process, in the long run the tra-
jectory of the exogenous trend (technology or
whatever else) is the only thing that matters; a
cyclical crisis may have a depressing effect, but
this is only temporary: the system has an in-
trinsic tendency to return to its long-run trend.
Conversely, if the most appropriate metaphor
for the GDP time series were a DS process, we
would have to conclude that shocks are per-
manent and will never be reabsorbed: the sins
(or merits) of the fathers will fall upon the chil-

dren of the children of the children, and even
beyond.

This may well be a disturbing vision, but in cer-
tain cases, it can be entirely appropriate: who
said that technology marches at an exogenous
and fixed rate? The Early Middle Ages was a
very long time, but technological innovations
were somewhat lacking. And besides, once
something has been invented, it cannot be un-
invented (bar nuclear wars or other kinds of
catastrophe): once technological progress has
occurred, it remains for all those who follow.
The debate on this topic is rich and flourish-
ing, but I am contented to have given you the
general idea.
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Figure 4.5: Random walk
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What do random walk realisations look like? Compare Figure 2.3 on
page 25 and compare it with Figure 4.5. As my astute readers will have
already guessed, Figure 4.5 depicts a random walk process whose increments
(the ϵt process) are the white noise process used to generate the series shown
in Figure 2.3. In practice, the only difference between Figure 2.3 and Figure
4.5 is the autoregressive coefficient, which is smaller than 1 in Figure 2.3 and
equal to 1 here. Note the absence of mean reversion induced by the unit root.

A characteristic aspect of random walk processes is that the absence of
mean reversion causes periods — possibly, very long — in which the resulting
series exhibits strong upward or downward trends. An observer unaware
that the series plotted in Figure 4.5 is just the cumulation of pseudo-random
numbers might easily be tempted to comment on the different “phases” the
series has gone through. It is due to this characteristic that one often speaks
of stochastic trends, as opposed to deterministic trends, which are simple
functions of time.

Let me make this point more explicit by considering, again, the series
plotted in Figure 4.5. As we know, this series was generated via the formula
(4.1), where ϵt ∼ N(0,1), so (yt|y0 = 0)∼ N(0, t). The conditional distribution
of yt is therefore such that

P
[︂
−1.96

√
t ≤ yt ≤ 1.96

√
t
]︂
= 0.95.

Consider now Figure 4.6: the equation above implies that the observed path
of the series should be within the gray band of the left-hand plot about 95% of
the times, which is in fact what we observe. However, the band grows larger
and larger with time, so the probability that yt should be near 0 becomes
smaller and smaller as time goes on. As the reader realises, this is just a
convoluted way to sat that yt is not mean-reverting, and tends to get farther
and farther away from 0 in time, so it must display some kind of trend. In
this example, the trend happens to be upwards (look at the right-hand pane
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of Figure 4.6, where the series is fitted against a linear time trend via OLS),
but it could have been negative equally likely.

Figure 4.6: Random walk — trending properties
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It it also perfectly possible to have deterministic trends superimposed on
purely stochastic ones. This occurs, for example, in so-called random walk
processes with a drift. These processes are simply processes for which one has

∆yt = µ + ϵt

and yt is a random walk combined with a linear function of time. To see why,
note that the equality above implies

yt =
t

∑
i=0

ϵi + µ · t, (4.2)

which s a modified version of (4.1), where the second term of the sum is noth-
ing other than a linear trend. If the drift term (the constant µ), is positive, the
process tends to go up, but with fluctuations around this trend that become
progressively wider over time.

In more general cases, one may consider objects like

∆yt = dt + ϵt,

where dt is some deterministic function of time: polynomial trends of various
kinds (that is, things of the type dt = δ0 + δ1t + · · · ), seasonal dummies, and
so on. Here, it is interesting to note that a result which encompasses the
simple drift case as a special one: if dt is a polynomial in t of degree p, then
a polynomial in t of degree p + 1 will be present within yt. For example, in
the simple drift case, dt = µ, which is a polynomial of order 0; similarly, it can
be shown that a linear trend included in ∆yt produces a quadratic trend in yt,
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and so forth. This occurs simply because, if µt is a polynomial in t of order p,
then ∆µt is a polynomial of order p − 1 (exercise: verify this by yourself).

The random walk generalises rather painlessly to the case where the incre-
ments of the process are not white noise, but more generally any stationary
stochastic process that can be represented as an ARMA process like

A(L)∆yt = C(L)ϵt,

where I’m omitting any deterministic component to keep things simple.
In these cases, we speak generically of I(1) processes; as we will see

shortly, many of the salient characteristics of random walks extend to the
general case: for example, they don’t have constant second moments, they’re
not mean-reverting, and their memory is infinite. However the polynomials
A(L) and C(L) give the process short-run memory features, in addition to the
long-run memory ones.

A word of caution: although the distinction between integrated and sta-
tionary processes is perfectly defined and absolutely unequivocal, when finite
realisations of I(1) processes are observed, situations can arise where the dif-
ferences become more subtle and telling I(0) and I(1) processes apart based
on the observed data may be problematic. This is because short-run memory
may overlaps with long-run memory and create peculiar effects: let us con-
sider, for example, two processes defined by

xt = 0.99999xt−1 + ϵt

yt = yt−1 + ϵt − 0.99999ϵt−1

Strictly speaking, xt is I(0), while yt is I(1). However, in the case of xt, the
root of the polynomial A(L) is so close to 1 that, for all practical purposes, in
finite samples a realisation of xt is qualitatively identical to that of a random
walk. Conversely, yt can be written in the form

(1 − L)yt = (1 − 0.99999L)ϵt = A(L)yt = C(L)ϵt,

thus making it evident that the polynomials A(z) and C(z) are oh so close to
being ‘simplifiable’; in practice, any realisation of yt exhibits no appreciable
differences from that of a white noise process.

4.3 Beveridge-Nelson decomposition

Based on what we saw in the previous section, it should come as no surprise
that the sum of a random walk and an I(0) process should be I(1). For
example, suppose that xt is a random walk and ut is some stationary process;
their sum yt = xt + ut is I(1), because it is not stationary, and ∆yt = ∆xt + ∆ut
is I(0), although not white noise.

The features of an I(1) process of this kind would be quite easy to analyse:
the random walk xt would be responsible for the non-stationarity character-
istics (such as trending, infinite memory, etc.), while the short-run persistence
could be attributable to ut. Therefore, you could split yt into two components:
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a permanent, or long-run, component given by xt, and a transitory, or short-
run, component given by ut. Since ut is by definition a process with a mean
of 0, yt can be thought of as a process that fluctuates more or less regularly
around xt.

Amazingly enough, such a decomposition is always possible, so that any
I(1) process can be thought of as the sum of a random walk and an I(0) pro-
cess. This decomposition is known as the Beveridge-Nelson decomposition,
or BN decomposition for short, and has nothing to do with the stochastic
nature of processes: it is simply an algebraic artefact.

The BN decomposition can be illustrated by starting from a neat property
of polynomials: given a polynomial C(z) of order q, it is always possible to
find a polynomial C∗(z) of order q − 1 such that

C(z) = C(1) + C∗(z)(1 − z). (4.3)

The proof is not difficult: obviously, D(z) =
C(z) − C(1) is still a polynomial of order q,
since C(1) is a constant (the sum of the coef-
ficients of C(z)).

Now, by definition D(1) = 0, and therefore 1 is
one of the roots of D(z). Therefore, there exists
is a polynomial C∗(z) of degree q − 1 such that
D(z) = C∗(z)(1 − z).

It follows that

C∗(z) =
C(z)− C(1)

1 − z
,

hence equation (4.3). Proving that

c∗i = −
q

∑
j=i+1

cj

can be a nice exercise.

Let us now take an arbitrary I(1) process and call it yt. By definition, ∆yt
is I(0) , and therefore it must have a Wold representation:

∆yt = C(L)ϵt.

Applying the polynomial decomposition above to C(L) yields

∆yt = [C(1) + C∗(L)(1 − L)]ϵt = C(1)ϵt + C∗(L)∆ϵt. (4.4)

If we define a process µt such that ∆µt = ϵt holds (that is, a random walk
whose increments are given by ϵt), we get

yt = C(1)µt + C∗(L)ϵt = Pt + Tt, (4.5)

where Pt = C(1)µt is a random walk (possibly, with a drift) known as “per-
manent component”, and Tt = C∗(L)ϵt is an I(0) process know as “transitory
component”.

Example 4.3.1 (Simple) Let us consider an integrated process of order 1, yt, for
which the following holds:

∆yt = ϵt + 0.5ϵt−1 = (1 + 0.5L)ϵt = C(L)ϵt,

where ϵt is white noise. Since

C(1) = 1.5 C∗(L) = −0.5,

one gets
yt = 1.5µt − 0.5ϵt.
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Example 4.3.2 (More difficult) Suppose that ∆yt has the ARMA(1,1) representa-
tion

(1 − φL)∆yt = (1 + θL)ϵt,

and therefore C(L) = 1+θL
1−φL .

C(1) is easy to calculate, and is equal to 1+θ
1−φ . The calculation of C∗(L) is a bit

longer but no more difficult; one can show that

C∗(L) = − φ + θ

1 − φ
(1 − φL)−1.

The final result is

yt = Pt + Tt

Pt =
1 + θ

1 − φ
µt

Tt = − φ + θ

1 − φ
(1 − φL)−1ϵt.

Note that Tt is an autoregressive process of order 1, which is the more persistent the
larger |φ| is. Consequently, yt can be represented as a random walk plus a stationary
AR(1) process fluctuating around it.

An interesting interpretation of the quantity C(1) is to use it as a measure
of the persistence of a given process, since it measures the fraction of the shock
that remains in the process after an ‘infinite’ time. It is possible to verify
that, by applying the decomposition described here to a stationary process,
C(1) = 0, whereas C(1) ̸= 0 in the case of I(1) processes. Intuitively, this
interpretation can also be motivated by observing that C(1) is a coefficient
that determines the importance of the random walk component in the process.
In the case of yt, the I(1) example process I used at the end of the previous
section, which was I(1) but looked very much like white noise, the coefficient
C(1) turns out to be just 0.00001.

The utility of the BN decomposition is twofold: as a computational tool,
it is frequently used in macroeconometrics to split a time series into a trend
and a cycle component: you fit an ARMA model on the first differences, and
then the BN decomposition is applied based on the estimated parameters. The
BN decomposition is not the only tool to achieve this purpose, and it is not
immune to criticism2, but on this, as usual, I refer the reader to the literature.

The other use of the BN decomposition is theoretical. Under a different
name (martingale decomposition), it plays a fundamental role in the probabilistic
literature on stochastic processes when analysing certain asymptotic proper-
ties. While this is not of interest to us here, we will make systematic use of
the BN decomposition in the analysis of cointegrated systems, which we will
discuss later on.

2One is: who says that the long-run component must necessarily be a random walk, rather
than some other type of I(1) process? Another one is: it can be easily proven that the correlation
between the innovations of Pt and Tt is −1. Is this a reasonable/desirable feature?
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4.4 Unit root tests

Integrated processes are very interesting: not only they provide an example of
non-stationary processes, but their realisations are remarkably similar to the
time series we usually encounter in macroeconomics.

What are the consequences of non-stationarity in I(1) processes for the
possibility of making inference on their realisations? So far, we have always
assumed the stationarity of the processes that we adopt as our data generating
process. In the case of I(1) processes, things become more complex.

One may say: easy. If yt is I(1), then ∆yt is I(0) by definition, and therefore
all we know on parameter estimation for stationary processes can be recycled
without any problems by estimating a model of the type

A(L)∆yt = C(L)ϵt.

Therefore, instead of log GDP we will model a growth rate, like we did with
industrial production in Section 3.5. Models of this kind are known in the
statistical literature as ARIMA models, that is, integrated ARMA. More spe-
cifically, you use the phrase “ARIMA(p,d,q)” to say: an ARMA(p,q) on the
series, differenced d times.

A strategy of this type, however, assumes that one knows the proper value
of d to use, that is, exactly whether a time series come from an integrated
or stationary process3. In the absence of supernatural revelations, d is usually
unknown; more exactly, it is almost never possible to establish a priori whether
a given time series can be better represented by an I(0) or an I(1) process.

This decision, however, can be made on the basis of the data themselves.
A first idea could simply be to observe the plot of the trend of the series
over time. If a process is stationary, it cannot exhibit a regular upward or
downward trend, and therefore one might consider a process that oscillates
around a constant value to be stationary, and non-stationary otherwise.

This rule, (not utterly useless, with a bit of experience) is however too
simplistic, and this for at least three reasons: first, because such a judgement
is rather subjective and difficult to formalise; second, because it may well be
that a process is stationary around a deterministic trend (as seen a few pages
ago); finally, it is also possible that an I(1) process may give rise to realisations
that do not exhibit a particularly evident upward or downward tendency. For
all these reasons, a less arbitrary and more reliable decision data-based rule is
required. Decision rules of this type are known as unit root tests.

Unit root tests were a hot topic in the 1980s and 1990s, so people put a
lot of work into inventing their own version, and you get dozens of them.
However, the most widely used ones stem from a common approach: let us
start with an AR(1) process yt:

yt = φyt−1 + ut. (4.6)
3Remember: integration is not a characteristic of the time series itself, but rather of the

stochastic process we adopt to provide a statistical representation of it. To be rigorous, we should
say “. . . whether the observed time series is better represented by a stationary stochastic process
or one that is integrated of order 1”, and the issue, at this point, could shift to the meaning of
“better”. Let’s do what vast majority of contemporary macroeconomics does, and ignore these
subtleties.
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By definition, the following relation must hold:

∆yt = ρyt−1 + ut, (4.7)

where ut is white noise and ρ = φ − 1, so that the process is stationary only if
ρ < 0. Conversely, if ρ = 0, the process is I(1).

Note that the parameter ρ in equation (4.7) has a very nice and intuitive
interpretation in terms of mean reversion. If ρ < 0, when yt−1 is positive, on
average ∆yt will be negative (and vice versa): if at some point yt is above zero,
on average it will go down in the next period (and vice versa). If ρ = 0, this
won’t happen. Therefore, one may think of ρ as a measure of how strong
mean reversion is.

Of course, the equation above looks suspiciously like a regression model,
and one might conjecture that a unit root test is nothing other than a t-test for
ρ, that is, the following statistic

tρ =
ρ̂√︂
ˆ︂Var(ρ̂)

, (4.8)

where the ‘hats’ indicate, as usual, the OLS estimates. In this case, the test
would have the non-stationarity of the process as the null hypothesis (if ρ = 0,
then φ = 1), and stationarity as the alternative hypothesis (ρ < 0, and therefore
φ < 1). The conjecture is indeed correct, although there are at least three
observations to be made.

4.4.1 Distribution of the test statistic

Figure 4.7: Density function of the DF test
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The first observation concerns the fact that, under the null hypothesis, the
distribution of the t-test for the parameter ρ being equal to zero is neither
a Student’s t distribution in finite samples, as occurs in the classical linear
model, nor asymptotically Gaussian, as is the case for stationary processes.
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Its asymptotic distribution is instead a special one, for which there is no com-
pact expression for either the probability density function or the cumulative
distribution function4.

A numerical estimate of the density function of this statistic is shown in
Figure 4.7. Note that this density is a little unusual: it is not centred on 0,
and it’s a bit skewed to the left. The quantiles of this distribution must be
calculated using numerical simulations, and the first to do so were Dickey
and Fuller in 1976, which is why this distribution is sometimes called the DF,
or Dickey-Fuller, distribution. For the same reason, the test is also known
as the DF test. Subsequent research also found rather effective methods for
calculating p-values, and modern econometric software packages provide all
you need to decide if to reject the null or not.

4.4.2 Short-run persistence

A second observation concerns that, in general, yt is not necessarily a random
walk (that is, ut is not necessarily a white noise). In other words, it is possible
that ∆yt could have some short-run persistence. In these cases, which are
obviously the most commonly ones in practice, it is necessary to ensure that
the distribution of the test is not affected by the short-run memory contained
in ut. Therefore, let’s generalise equation (4.7) by relaxing the requirement of
ut being white noise, and let’s say that ut is some unspecified I(0) process. Of
course, the interpretation of ρ as a mean-reversion indicator remains valid,

The most common approach is to assume that ut has a finite AR repres-
entation of the form

H(L)ut = ϵt,

so

∆yt = ρyt−1 +
1

H(L)
ϵt,

and consequently A(L)yt = ϵt, where A(L) = H(L)(1 − φL), or, equivalently,

yt = φ1yt−1 + . . . + φpyt−p + ϵt. (4.9)

Of course, under the null A(L) will have a unit root.

Using the property yt−k = yt−1 − ∑k−1
i=1 ∆yt−i (it is easy to convince oneself

of this by checking the case k = 2), equation (4.9) can be reparameterised as

4This distribution is defined in terms of integrals of Brownian motions. A Brownian motion, or
Wiener process, is a continuous-time stochastic process of which I will not provide the definition,
but which can essentially be thought of as a random walk where the interval between observations
is infinitesimal.
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follows:5

∆yt = ρyt−1 + γ1∆yt−1 + · · ·+ γp∆yt−p+1 + ϵt, (4.10)

where ρ = (φ1 + · · ·+ φp)− 1 and γi = −(φi+1 + · · ·+ φp). In this case, the
test is named the ADF test (Augmented Dickey–Fuller), and it is the t-test of
the significance of the parameter ρ in regression (4.10). The name comes from
“augmenting” equation (4.7) with an appropriate number of lags of ∆t.

If the chosen value of p is large enough, and therefore the correction is
effective, the asymptotic distribution of the ADF test is the same as that of the
DF test. What do I mean by “large enough”? It simply means that ut must
be, at least for all practical purposes, a white noise process. In practice, the
same selection criteria for p are often used as for the analogous problem in
the stationary framework, which I discussed in Section 3; that is, p is chosen
so as to minimise criteria of the Akaike or Schwarz type.

4.4.3 Deterministic component

An extra difficulty comes from the fact that the distribution of the test is not
invariant to the deterministic component included in the regression we use for
computing the test statistic. So far, we have examined the case of a random
walk without drift. But if a drift is actually present in the process that gener-
ated the series under examination, it must also be included in the regression
used to compute the test. In practice, we don’t know if the drift is there or
not, so common sense dictates that we keep on the safe side and therefore a
regression of the type

∆yt = µ + ρyt−1 + φ1∆yt−1 + · · ·+ φp∆yt−p + ut (4.11)

where µ = 0 in the “driftless” case.
The trouble is that the test statistic you get by applying OLS to equation

(4.11) and computing the t-statistic for ρ̂ is not asymptotically distributed like
in the previous case.

In fact, there are actually two cases to consider: one — which is also non-
standard, and shown in Figure 4.8 — when the true value of µ is 0; if, instead,
µ ̸= 0, it turns out that the asymptotic distribution of the test is (perhaps
surprisingly) Gaussian, although in practice the sample size must be quite
large for the approximation to be satisfactory.

One may say: can’t we use equation (4.11) for testing whether µ = 0 before-
hand, and then proceed? Heh, no, sorry. The problem is that under then null
(ρ = 0) the distribution of the t-statistic for µ̂ is non-standard too. In short: it’s
a bit of a mess.

5Particularly motivated readers can verify that here we are doing nothing other than applying
the BN decomposition: indeed, by writing

yt = B(L)yt−1 + ϵt

one can proceed by noting that

∆yt = [B(L)− 1]yt−1 + ϵt.

The result in the text follows by applying the BN decomposition to the polynomial H(L) =
B(L)− 1.
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Figure 4.8: Density function of the DF test with an intercept
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Things become even more complicated when considering the case where a
linear deterministic trend is also added to (4.11), because yet another distribu-
tion (not shown) is obtained. This multiplicity of situations is perhaps one of
the most puzzling aspects when first approaching unit root tests. Of course, it
is possible to navigate through it, but you need to take great car; however, on
this point I refer the reader to the specialised literature, as I consider the task
of a popular introduction that I set myself here to be complete. A very similar
problem will return in Chapter 6, where I’ll describe the possible strategies to
get the job done.

4.4.4 ADF variants

As I said earlier, the number of available unit-root tests is enormous, and one
cannot do justice to them all, especially in an introductory textbook as this.
However, it’s important to describe at least a few of them because they’ve been
regularly used in applied work.

The first one tackles the problem of short-run dependency I described in
Section 4.4.2 in a different way than ADF, and was proposed by Phillips and
Perron and is commonly known as the PP test). Instead of augmenting equa-
tion (4.7) with lags, you run it as-is and then apply a correction to the test
statistic you obtain, based used some ingenious non-parametric techniques.
The essential ingredient for this correction is a quantity known as “long-run
variance” (more details, if you’re interested, in Section 4.A.1). The main prob-
lem is that for estimating this quantity you need to choose an integer m called
the “window size”, and it’s difficult to state a precise rule for choosing it. My
advice is to try various values of m until the statistic stabilises.

An important evolution of the ADF test is the so-called ADF-GLS test,
by Elliott, Rothenberg and Stock, in which you use a GLS-like technique
to estimate the deterministic part of the model; then, you use the residuals
from this preliminary regression in an ordinary ADF regression with no con-
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stant. This test was shown to have better power than the ordinary ADF test
in many empirically-relevant cases, so it’s become the weapon of choice for
many macro practitioners. The important thing to know is that the GLS vari-
ant used in the first stage depends on a “magic number” ρ, that everybody
sets to

ρ =

{︄
1 − 7

T with constant only

1 − 13.5
T with constant and trend

(don’t ask me to explain why here, it’s way too complicated. But believe me,
there’s a good reason — it’s in the original article). The critical values for the
ADF-GLS test are, again, nonstandard, but this is, again, not a huge problem
nowadays.

Figure 4.9: White noise with a break
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Finally, I’d like to mention the Zivot-Andrews test, because it addresses a
very frequent problem in economics, namely structural breaks. Suppose you
observe a series like the one in Figure 4.9: the series you see is artificially
generated by the following rule:

yt =

{︃
−3 + ϵt for t ≤ 128

3 + ϵt for t > 128

where ϵt is white noise. I’m willing to bet that you could throw any unit-root
test at it, and you’ll always conclude the series is I(1). And yet, any hu-
man observer will see immediately that this series is just a stationary process
around a mean, which is constant apart from one period. The Zivot-Andrews
test uses some clever tricks to estimate the breakpoint and run a corrected
version of the ADF test afterwards.

4.4.5 The KPSS test

The ADF test and its variants use yt ∼ I(1) as their null hypothesis, but there
are also tests whose null hypothesis is stationarity. The most important one of
the latter kind is the so-called KPSS test, that hinges on the following idea. If
yt were stationary around a deterministic trend, then a regression of the type

yt = β0 + β1 · t + ut
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should produce I(0) residuals. After having run regression, you take the OLS
residuals and cumulate them, producing a new series St =

1
T ∑t

s=1 ûs; under
the null hypothesis, this time series has a very peculiar feature. Since the
model contains an intercept, the OLS residuals sum to 0. Therefore, if we set
S0 = 0, we know with certainty that ST = 0.6

For very large samples, such a time series can be thought of as a realisa-
tion of a certain stochastic process (called a Brownian bridge), whose theoretical
properties are known. It can be shown that the sum of squares of St (appro-
priately normalised) converges in distribution to a random variable, whose
distribution is the same for all cases when ut ∼ I(0) . If, on the other hand,
yt is non-stationary, the statistic diverges. Consequently, the rejection region
goes from a certain critical value (that has been tabulated) to infinity. In other
words, when the test statistic is “large”, you reject the null that yt is I(0).
Like in the case of the PP test, here everything hinges on the estimation of the
long-run variance of ut, so the remarks I made in the previous subsection also
apply here.

The test can also be carried out without a trend, so that the ûs are simply
the deviations of yt from its mean. Evidently, in this case, the null hypo-
thesis is that the process is stationary, without a trend. The critical values are
different, but these are available too.

In my view, it is always good practice to attempt to test a series’ integration
order in both ways. Usually, the indications coincide, in the sense that if the
KPSS test does not reject, the ADF test rejects, and vice versa. However, it
is not uncommon for these tests to yield inconsistent indications; that is, it
frequently happens that both the ADF test and the KPSS test reject (or accept)
their respective null hypotheses. However, this is not surprising, given the
way hypothesis testing works in general: when you don’t reject the null, you
haven’t proven it’s true, but merely failed to prove it’s false. Therefore, if
neither test rejects the null, you’re probably in a situation when your data
contain too little information to make a decision.

4.4.6 An example

In order to provide an example of unit root tests, I’ll use the same series I used
in Section 4.1, namely the log GDP at constant prices for the Euro area (see
Figure 4.1).

The first thing we have to decide on is the type of deterministic compon-
ent we want: since the series displays an obvious upward trend, we should
consider two possibilities:

1. if the series is stationary,7 then the upward trend can only come from a
deterministic component of the type dt = β0 + β1t.

6Note that these equalities are a consequence of the algebraic properties of OLS, so they are
true whether H0 holds or not.

7Allow me to repeat a somewhat pedantic remark: a time series is neither stationary or in-
tegrated. These are properties of the stochastic process we use to represent it. But I hope you’ll
allow me to use the phrase in the text for brevity, as long as we agree on its meaning.



76 CHAPTER 4. UNIT ROOTS

2. Alternatively, if the series comes from a unit-root process, then the trend
may be a stochastic one, but even more likely it could contain a drift, so
dt = β0.

The best thing is try both possibilities and see what happens, hoping that the
results can be put together in a coherent picture.

Let’s begin with the ADF test on the series in levels. We estimate all models
with the two deterministic options described above and all ADF orders from
0 to a maximum of 8 (2 years, which seems adequate), that is

∆yt = dt + ρyt−1 +
p

∑
i=0

∆yt−i.

The following table contains the Akaike criterion for each model:8

p dt = β0 dt = β0 + β1t
0 -1409.46 -1407.93
1 -1444.62 -1444.06
2 -1445.69 -1445.67
3 -1443.71 -1443.67
4 -1441.89 -1441.75
5 -1444.50 -1443.71
6 -1442.62 -1441.92
7 -1441.61 -1440.71
8 -1440.98 -1439.92

As can be seen, the AIC criterion is minimised, in both cases, by the choice
p = 2. The two regressions used for computing the test, therefore, take the
form

∆yt = dt + ρyt−1 + γ1∆yt−1 + γ2∆yt−2 + ϵt

and are displayed in Table

Constant only Constant and trend
Parameter estimate s.e. t-stat estimate s.e. t-stat
β0 0.0456 0.0219 2.0870 0.2196 0.1267 1.7330
β1 0.00006 0.00004 1.3930
ρ -0.0030 0.0015 -1.9840 -0.0154 0.0090 -1.7030
γl 0.3641 0.0721 5.0500 0.3660 0.0719 5.0870
γ2 0.1254 0.0720 1.7430 0.1360 0.0722 1.8850

The test statistics are the two t-statistic relating to the parameter ρ, namely
−1.984 and −1.703, respectively. The corresponding p-values are not those
for the normal or the t distribution, but must be calculated according to the
proper density (see Section 4.4.1). In this case the two p-values turn out to
be 29.42% and 75.04%, so we conclude that the most adequate process to
represent the series is not stationary.

8One could say: why the Akaike criterion, instead of something else? Well, The Akaike cri-
terion is usually very conservative, so when it comes to testing I’d rather trade a little power in
exchange for a better chance of getting the size of the test right.
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If you repeat the process with the ADF-GLS test, you get much higher
p-values in both cases (96.6% and 91.8%). On the contrary, KPSS rejects its
null hypothesis (that is yt ∼ I(0)) very strongly, so we conclude that the log
GDP series does in fact contain (at least) one unit root. The same procedure,
applied to ∆yt instead of yt, and therefore to the growth rates of GDP (see
Figure 4.4), produces instead a clear rejection of the null hypothesis for ADF
(p-value = 2.9 × 10−08) and ADF-GLS (p-value = 0.0096), and also a failure to
reject for KPSS.

Conclusion? Here, things seem rather clear: yt has a unit root, ∆yt does
not, so yt ∼ I(1).

4.4.7 Use your brain

A short comment on unit root tests: it happens very often that, when applying
a unit root test to a time series which, reasonably, should fluctuate within a
band, it is not possible to reject the unit root hypothesis. This occurs, for
example, almost always with unemployment rates, inflation rates, or interest
rates (real or nominal). It is common, at this point, for someone to raise their
hand and say: “How is it possible for an interest rate to be I(1)? It was already
12% in Babylonian times. If it had been I(1), it’d have drifted away by now!”

A very general answer to this point could be based on the observation
that failing to reject the null is not equivalent to having proven that it’s true.9

A smarter answer is to point out that within the available sample the yield on
(say) Treasury bills is so persistent that it may be preferable, when using a
stochastic process as a metaphor for the data, to think of it as a realisation of
an I(1) process rather than an I(0) one.

Treating a series as I(1) doesn’t really mean that we actually believe it’s
I(1), with all the implied consequences. Provided it makes sense at all to
consider an interest rate time series as a realisation of some stochastic process,
heaven only knows what process it is; we are merely choosing, from within
a limited class of processes (ARIMAs), the most appropriate parameterisation
to describe the data. If had data spanning thousands of years, I suspect that
the most adequate process to represent the trajectory of interest rates over
time from 3000 BCE onwards would be an I(0) one, but I do not believe we
will ever be in a position to establish this.10

It is a data representation problem: with a unit root test, we are not truly
deciding whether the process is I(1) or I(0). We are merely deciding whether
it is more convenient to represent our data as a stationary or as an integrated
process.

A metaphor that I find quite useful in conveying my point is that of the
curvature of the Earth. Some people believe the Earth is flat simply because

9This may sound like an obvious remark, but unfortunately this misconception is not un-
common among applied economists: every time someone says “this parameter is not significant,
therefore it’s zero”, a kitten dies.

10I originally wrote this sentence many years ago. In the meantime, a few papers have appeared
where an extremely competent econometrician analysed a time series for interest rates going as
far back as the 14th century. Unsurprisingly, she concludes that interest rates are indeed I(0).
There you go.
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there is no compelling reason for them to think it’s round given their everyday
experience:11 the Earth’s curvature becomes relevant only when dealing with
large distances, so much so that, for instance, it must be taken into account
when calculating the routes of transoceanic ships or planes. However, if one
needs to build a house, or even a stadium, a car park, or a shopping centre, the
scale of the problem is such that the curvature of the globe becomes negligible
(and indeed, engineers neglect it without their building collapsing).

In the same way, a stationary process can have a degree of persistence such
that its realisations become “evidently” stationary only after a very long time.
A unit root test in a finite sample may just fail to reject the null hypothesis
because there’s not enough evidence against non-stationarity. In this case, the
test is simply telling us that it might be better, within our sample, to be on the
safe side and difference the series.

Finally, I should mention that, when you have many data series, the idea of
testing for unit roots one series at a time is considered outdated by many. Sure,
you can proceed with a battery of ADF tests or similar on each of them. How-
ever, it may be preferable to start from a multivariate representation (which I
will discuss in Chapter 5), which leads to the so-called Johansen test (which I
will discuss in Chapter 6).

4.5 Spurious regression

As should be clear from the brief treatment of unit root tests I gave in the
previous section, inference with integrated processes may imply results far
away from the comfortable certainties that we enjoy in the world of stationar-
ity. This state of things is even more striking when considering a phenomenon
known as spurious regression.

Let us take two processes, yt and xt, defined as:{︃
yt = yt−1 + ηt
xt = xt−1 + ϵt,

(4.12)

where ηt and ϵt are two mutually independent white noiseprocesses. It is
evident that yt and xt are two random walks that have very little to do with
one another: any element of the yt sequence is independent of any element
of the xt sequence. Intuitively, one wouldn’t expect to find any trace of a
statistically significant relationship between yt and xt. And in fact, there isn’t
any, but matters are a bit more intricate that that.

The customary way we have to investigate the possible presence of a rela-
tionship between xt and yt is by setting up a linear regression model like

yt = α + βxt + ut, (4.13)

and at a first glance, one might think that independence between yt and xt
implies

1. that the R2 index should be “low”;
11Having said this: yes, they ought to see a shrink.
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2. that the OLS estimator of β should converge in probability to 0;

3. that a t-test of the significance of β, at least in large samples, should be
within the usual acceptance region of the null hypothesis H0 : β = 0; put
simply, that the t-statistic relating to the coefficient β is between −2 and
2 in most cases (95% of the times, to be exact).

Well, none of these three things occur; on the contrary:

1. the R2 index converges in distribution to a non-degenerate random vari-
able;

2. the OLS estimator of β converges in distribution to a random variable;

3. a standard t-test for the significance12 of β leads to rejecting H0, with a
probability that is increasing with the sample size (!!!).

With results like this, failing to take into account the possibility of the
variable being integrated may lead one to “discover” relationships between
variables that are just a by-product of a probabilistic artefact: hence the ex-
pression ‘spurious regression’13.

Table 4.2: Spurious regression: Monte Carlo experiment

Sample size Rejection rate
20 47.11%
50 66.48%

100 76.25%
200 83.44%
1000 92.47%

100000 simulations for each sample size

In order to get a better understanding of what is going on here, take a look
at Table 4.2, which contains the results of a simple Monte Carlo experiment: I
simulated a system like the one in (4.12), with E(ϵ2

t ) = E(η2
t ) = 1, for various

sample sizes, ranging from very small (T = 20) to rather large (T = 1000). In
each simulation, I ran a regression of yt on a constant and xt, as in (4.13));
then, I computed the value of the t-test for H0 : β = 0 and compared it with
the appropriate critical value of Student’s t distribution. Table 4.2 contains
the frequency of rejections: not only this number is much higher than 5% but,
amazingly, increases as the sample size grows.

Upon closer inspection, however, these results should not be all that sur-
prising. For β = 0, equation (4.13) reduces to yt = α + ut; if yt is I(1), then
ut must also I(1), but then it doesn’t have finite moments and then all the

12That is: using the critical values of the standard normal distribution.
13The phenomenon had already been observed in the 1920s. It was only during the 1970s and

1980s, however, that it was brought to general attention (thanks to Granger and Newbold) and
analysed in depth (thanks to P. C. B. Phillips).
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limit theorems used in the elementary cases become totally useless. In other
words, there is no value of β that makes equation (4.13) a correct description
of the data; the value β = 0 is no more right or wrong than β = 1, β = −1 or
β = 1000; there’s no such thing as a “true” β. The problem of equation (4.13)
is that there is no mechanism to account for the persistence of yt, whatever
the value of β.

In other words, OLS estimation of equation (4.13) dumps all the persistence
of yt onto the residuals ût, which turn out to be highly autocorrelated. In fact,
it can be shown that, in the presence of this phenomenon, the Durbin-Watson
statistic14 converges in probability to 0. Actually, a rough but effective alert
rule for spurious regression is to compare the R2 index with the DW statistic.
If R2 > DW, there is reason to worry (this should not be taken as a proper test;
it is simply a heuristic suggestion contained in the original paper by Granger
and Newbold).

Now: OLS can yield misleading results if used with realisations of I(1)
processes, and macroeconomic time series typically look like I(1) processes.
Does this mean that you cannot use OLS on macroeconomic time series? Not
necessarily.

First of all, note that a large part of the seemingly paradoxical aspects
described above come from the fact there is no value of β compatible with a
correct description of the data, as I said before. If we had estimated something
of the type

yt = α + φyt−1 + β0xt + β1xt−1 + ut

we would have found that

⎛⎝ φ̂

β̂0
β̂1

⎞⎠ p−→

⎛⎝ 1
0
0

⎞⎠ ,

that is, the OLS estimates converge to the ‘true’ values of the parameters.

A correct dynamic specification (that is, a specification that allows the dis-
turbances to resemble a white noise process, or at least a stationary one) is a
major step forward. We will discuss this result, and others, in greater detail in
Section 5.4. The most important one, however, is that OLS regression between
integrated variables may make sense, and under certain circumstances rep-
resents a quick but effective way of measuring meaningful statistical relation-
ships. This happens when the variables on the left- and right-hand side of the
equals sign happen to be cointegrated. We’ll tackle cointegration in Chapter
6.

14The Durbin-Watson statistic is a venerable statistic devised in the prehistory of econometrics
to check for first-order autocorrelation in OLS residuals. Back in the day, the DW statistic was
also used as a test statistic. Today, we have more sophisticated tools to do the same thing better,
but software packages still report it to honour tradition.
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4.A Assorted results

4.A.1 The long-run variance

The “long-run variance” is defined as the sum of all its autocovariances (from
minus to plus infinity). It is often useful because it provides the asymptotic
variance of the average of the realisation of a stochastic process.

This quantity is typically estimated non-parametrically via

ω̂2(m) = T−1
T−m

∑
t=m

[︄
m

∑
i=−m

wiûtût−i

]︄
,

where m is known as the window size and the wi terms are the so-called Bartlett
weights, defined by wi = 1 − |i|

m+1 . It can be shown that, for a sufficiently large
m, ω̂2(m) provides a consistent estimate of the long-run variance.

What “sufficiently large” means in practice is not very clear: asymptotic
theory only says that, for the estimator to be consistent, m must be propor-
tional to T1/3, which in practice translates into “do as you please”. What I
personally do when in doubt is try different values and make a qualitative
assessment.

4.A.2 Gretl script for replicating Table 4.2

set verbose off # turn off unwanted output
set seed 10082026 # make example replicable

SS = {20 ,50 ,100 ,200 ,1000} # sample sizes
Tmax = max(SS)

H = 100000 # number of replications
D = nelem(SS)

RR = zeros(1, D) # vector for storing rejections
R2 = zeros(H, D) # matrix for storing R2 indices

nulldata Tmax --preserve # create a fake dataset

loop h = 1 .. H
# generate y and x as independent random walks
y = cum(normal ())
x = cum(normal ())

loop i = 1 .. D
# for the various sample sizes stored in SS
T = SS[i]
# use the first T observations only
smpl 1 T
# do OLS quietly and store results
ols y 0 x --quiet
R2[h,i] = $rsq # R^2
restrict # significance test for beta

b2 = 0
end restrict --silent
RR[i] += ($pvalue < 0.05)

endloop
smpl full # restore full sample

endloop

RR = 100 * RR./H # compute percentage frequency of rejections
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loop i = 1 .. D
printf "%d\t%5.2f%%\n", SS[i], RR[i]

endloop



Chapter 5

VAR processes

5.1 Multivariate processes

Complex phenomena, such as those we are usually interested in as econom-
ists, can seldom be described by a single variable. Far more commonly, the
facts of interest must be described by more that one quantity. In a static
context, this naturally leads to using the concept of multivariate random vari-
ables, aka random vectors. The techniques for studying realisations of random
vectors are countless, among which regression analysis has a prominent place.

With time-series data, we need to define to extend the setup described in
Chapter 1 to multivariate stochastic processes. As always, I shall not even
try to be rigorous here: suffice it to say that a multivariate stochastic process
is a stochastic process whose elements are not single random variables, but
vectors; alternatively, one can think of a multivariate stochastic process as a
vector whose elements are univariate stochastic processes. For instance, if we
think of the daily recording of the euro/dollar exchange rate as the realisation
of a univariate process, we can think of the daily recording of the exchange
rates for euro/dollar, euro/yen, euro/Swiss franc, etc., as the realisation of
a multivariate process. Therefore, if yt is an n-element vector, we call it a
stochastic process of dimension, or size, n.

This definition makes it painless to extend to the multivariate case several
concepts I put forward in Chapter 1: for instance, the definitions of stationar-
ity, ergodicity and mixing remain unchanged. Moments are more interesting:
for an n-dimensional weakly stationary process yt the first and second mo-
ments are defined as follows:{︃

E(yt) = µ
E [(yt − µ)(yt−k − µ)′] = Γk,

where µ is an n × 1 vector and Γk (the k-order autocovariance matrix) is an
n × n matrix. Of course, Γ0, is just the covariance matrix of yt; for k ̸= 0, the
ij-th element of Γk is the covariance between the i-th element of yt and the
j-th element of yt−k. Note that, by this definition, Γk = Γ′

−k and therefore, in
general, Γk ̸= Γ−k.

83
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Likewise, the definition of multivariate white noise is rather straightfor-
ward: we define a process ϵt to be white noise if

E(ϵt) = 0

Γk = E (ϵtϵt−k) =

{︃
Σ if k = 0
0 if k ̸= 0.

It should be noted that Σ is a generic covariance matrix, and is therefore sym-
metric and positive semi-definite, but not necessarily diagonal. Consequently,
in a multivariate white noise process, the correlation between any element of
the process and the past history of the entire process is by definition 0, but the
correlation between contemporaneous elements may well be non-zero.

Similarly, the behaviour of the lag operator L needs no further qualifica-
tion: Lxt = xt−1 even when xt is a vector. Matters become interesting if we
consider expressions of the type

xt + Axt−1 = (I + AL)xt,

where A is a square matrix. In this case, the expression (I + AL) is a matrix
operator, a function of the lag operator L. Such an object can be viewed in two
equivalent ways:

Polynomial with matrix coefficients: the operator (I + AL) is the sum of two
matrices, each of which “multiplies” the operator L by a different power.
Therefore, one can think of (I + AL) as a first-order polynomial in the
lag operator L, where the coefficients are matrices: the identity matrix
for L0 and the matrix A for L1;

Matrix of polynomials: the operator (I + AL) is a matrix whose elements
are first-order polynomials: the ij-th element of (I + AL) is δij + aijL,
where δij is the so-called ‘Kronecker delta’, which equals 1 for i = j and
0 otherwise.

Generalisation to the p-th order case should be immediate, so that the meaning
of an expression like

C(L)xt = C0xt + C1xt−1 + · · ·+ Cpxt−p

should be obvious.
As for inversion, this is easy to define by considering C(L) as a matrix of

polynomials: the inverse operator C(L)−1, if it exists, is a matrix polynomial
such that

C(L)C(L)−1 = C(L)−1C(L) = I

and, at least in principle, can be computed using standard algebraic tech-
niques.

Example 5.1.1 (Matrix polynomial inversion) Consider

C(L) =
(︃

1 aL
b 1 − cL

)︃
.



5.2. VAR PROCESSES 85

By applying standard rules for inverting 2 × 2 matrices, you get

C(L)−1 =
1

1 − φL

(︃
1 − cL −aL
−b 1

)︃
,

where φ ≡ ab + c, so that, for example,[︂
C(L)−1

]︂
1,1

=
1 − cL
1 − φL

.

Note that, for the inverse to exist, the determinant 1 − φL must be itself invertible,
which happens if and only if |φ| = |ab + c| < 1. In this case,

1
1 − φL

= 1 + φL + φ2L2 + . . .

and therefore

C(L)−1 =
[︂
1 + φL + φ2L2 + . . .

]︂(︃ 1 − cL −aL
−b 1

)︃
.

Neat, huh?

Fun fact: unlike in the univariate case, the in-
verse of a matrix polynomial of finite order is
not necessarily of infinite order. Consider this
example:

yt = θxt−1 + ϵ1,t

xt = ϵ2,t.

As one can easily verify, the inverse of

C(L) =
(︃

1 −θL
0 1

)︃

is

C(L)−1 =

(︃
1 θL
0 1

)︃
and in fact, it can be verified by direct substitu-
tion that the first equation can be written as

yt = ϵ1,t + θϵ2,t−1.

It can be proven that this is a consequence of
the fact that |C(z)| = 1.

Finally, it should be noted that a multivariate version of Wold’s decompos-
ition theorem exists, which guarantees that any zero-mean, weakly stationary
multivariate process yt has a representation like

C(L)xt = C0ϵt + C1ϵt−1 + C2ϵt−2 + · · ·

where the (matrix) coefficients are square-summable.

5.2 VAR processes

In principle, the most obvious multivariate generalisation of the ARMA pro-
cesses we considered in Chapter 2 would be a class of processes known as
Vector ARMA, or VARMA for short. These take the following form:

Φ(L)yt = Θ(L)ϵt,

where yt is an n-dimensional stochastic process, ϵt is a white noise process of
the same size, and the two objects Φ(L) and Θ(L) are appropriately-sized mat-
rix polynomials, of order p and q respectively. VARMA processes, however,
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are not very popular (at least in econometrics) because when q > 0 the prac-
tical issues that arise in estimating them are decidedly non-trivial. The good
news is that all these issues magically disappear when q = 0, so economists
routinely work with models like

A(L)yt = ϵt → yt = A1yt−1 + · · ·+ Apyt−p + ϵt,

that are known as VARs (Vector AutoRegressive), so the one above would be
a p-order VAR.

As we will see, working with VARs is very simple in many respects: first
(as we will see later) they can be estimated simply and consistently using
OLS.1 In fact, many features of AR processes extend in a rather trivial manner
to VARs.

One possibly tricky question is: it is possible, like in the univariate case, to
express a VAR process as a multivariate moving average (VMA) process? The
answer is clearly linked to the invertibility of the operator A(L), which leads
us to “what conditions for the operator A(L) being invertible?”. If it were, we
could legitimately consider the VMA representation as a Wold representation,
thereby ensuring stationarity of the process.

In the case of univariate processes, we saw in Section 2.4 that we needed to
check if the roots of A(L) were all greater (in absolute value) than 1. Let’s see
if we can come up with a similar criterion. For simplicity, let us then consider
a first-order VAR process:

yt = Ayt−1 + ϵt. (5.1)

In this case, A(L) = I − AL is a first-degree matrix polynomial in L. Observe
that yt−1 = Ayt−2 + ϵt−1, and substitute into (5.1):

yt = A2yt−2 + ϵt + Aϵt−1,

where A2 = A · A; repeating this procedure n times yields

yt = An+1yt−n−1 + ϵt + Aϵt−1 + · · ·+ Anϵt−n.

As n increases, the first term vanishes if limn→∞ An = 0; this condition is
equivalent to all the eigenvalues2 of A being less than 1 in absolute value
(note that this is just a generalisation of the corresponding criterion for AR(1)
processes, where the MA representation is well-defined if |α| < 1). It can be
shown that this condition on the eigenvalues of A is necessary and sufficient
for the process to be covariance-stationary. Since the determinant of a matrix is
equal to the product of its eigenvalues, this condition can also be equivalently
expressed by saying that the process is stationary if |A(z)|= 0 has no solutions
for |z| ≤ 1. Therefore, if the process is stationary, we can define the VMA
representation of yt as

yt = ϵt + Aϵt−1 + · · · =
∞

∑
i=0

Aiϵt−i.

1Some readers will remember that in Section 3.3 I showed that OLS estimation of univariate
AR(p) models can be legitimately be considered a perfectly valid variant of ML estimation.

2Allow me to remind you: the eigenvalues of a square matrix A are the values of λ that satisfy
the expression |A − λI| = 0).
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The general VAR(p) case is more intricate algebraically. Fortunately, there
is a way to express any VAR process of order p as a VAR(1), which is known
as the companion form representation. Let us consider, for example, a VAR(3)
process

yt = A1yt−1 + A2yt−2 + A3yt−3 + ϵt

where V(ϵt) = Σ, and consider the two identities

yt−1 = yt−1

yt−2 = yt−2.

These three relationships can be combined into a 3-equation system, that can
be written in matrix form as follows:⎡⎣ yt

yt−1
yt−2

⎤⎦ =

⎡⎣ A1 A2 A3
I 0 0
0 I 0

⎤⎦⎡⎣ yt−1
yt−2
yt−3

⎤⎦+

⎡⎣ ϵt
0
0

⎤⎦ (5.2)

or, in a more compact form,

xt = Axt−1 + ηt,

where

xt =

⎡⎣ yt
yt−1
yt−2

⎤⎦
A =

⎡⎣ A1 A2 A3
I 0 0
0 I 0

⎤⎦
ηt =

⎡⎣ ϵt
0
0

⎤⎦ .

The matrix A is known as the companion matrix.
Equation 5.2 defines a VAR(1) for the process xt, which is the result of the

vertical stacking of yt, yt−1, and yt−2. If A is a square matrix of order n, then
the companion matrix A is a square matrix of order 3n, and ηt is a multivariate
white noise process whose covariance matrix is

V(ηt) =

⎡⎣ Σ 0 0
0 0 0
0 0 0

⎤⎦ ,

which is singular, but symmetric and positive semi-definite. Building on this
representation, the stationarity condition is a condition imposed on the 3n
eigenvalues of A.

The generalisation to the case of a VAR process of order p should be trivial:
in this case, the companion matrix has the following structure:

A =

⎡⎢⎢⎢⎣
A1 A2 · · · Ap

I 0 · · · 0
0 I · · · 0
...

...
. . .

⎤⎥⎥⎥⎦ ,
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which has n · p eigenvalues: all must be less than 1 in modulus for the VAR
process to be stationary.

Example 5.2.1 (An AR(2) process rewritten as a VAR(1) process) For this ex-
ample, we’ll use the trivial fact that a univariate AR process can be thought of as a
special case of a VAR process of dimension 1. Let us take an AR(2) process, rewrite it
in companion form and check the equivalence of the stationarity conditions:

yt = 1.3yt−1 − 0.4yt−2 + ϵt.

Following the arguments in Section 2.4, the polynomial whose roots we must find is
A(z) = 1 − 1.3z + 0.4z2; since the polynomial is of degree two, A(z) = 0 is easily
solved using the familiar formula

z =
1.3 ±

√
1.69 − 1.6
0.8

=⇒
{︃

z1 = 2
z2 = 1.25.

The roots of the polynomial are both greater than 1 in absolute value. The process is
stationary.

Now use the companion form representation: we have[︃
yt

yt−1

]︃
=

[︃
1.3 −0.4
1 0

]︃[︃
yt−1
yt−2

]︃
+

[︃
ϵt
0

]︃
that is, a VAR(1) process in xt, where

xt =

[︃
yt

yt−1

]︃
.

The process is stationary if the eigenvalues of A are less than one in absolute value.
The eigenvalues of A are the numbers λ satisfying the determinantal equation

|A − λI| =
⃓⃓⃓⃓

1.3 − λ −0.4
1 −λ

⃓⃓⃓⃓
= 0,

which implies
λ2 − 1.3λ + 0.4 = 0,

whose solutions are

λ =
1.3 ±

√
1.69 − 1.6
2

=⇒
{︃

λ1 = 0.8
λ2 = 0.5.

Note that λ1 = z−1
2 and λ2 = z−1

1 (this is no coincidence). Since both eigenvalues are
less than 1 in absolute value, we conclude that the process is stationary.

Following on the considerations made in Section 5.1, it is also instructive to in-
spect the inverse of the polynomial matrix implicit in the companion form representa-
tion, since it gives us back yt as a univariate AR(2) process: from(︃

I −
[︃

1.3 −0.4
1 0

]︃
L
)︃

xt =

[︃
ϵt
0

]︃
,
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one can write

xt =

[︃
1 − 1.3L 0.4L

−L 1

]︃−1 [︃
ϵt
0

]︃
.

Applying the rules for matrix inversion gives

[︃
1 − 1.3L 0.4L

−L 1

]︃−1

=
1

1 − 1.3L + 0.4L2

[︃
1 −0.4L
L 1 − 1.3L

]︃
,

from which

(1 − 1.3L + 0.4L2)

[︃
yt

yt−1

]︃
=

[︃
1 −0.4L
L 1 − 1.3L

]︃[︃
ϵt
0

]︃
,

therefore, yt = 1.3yt−1 − 0.4yt−2 + ϵt.

The VMA representation is also easy to calculate using the companion
matrix. I will illustrate the procedure with a VAR(2) process, since once the
principle is understood, its generalisation is trivial. Start from:

yt = A1yt−1 + A2yt−2 + ϵt,

where the matrices A1 and A2 are known. We wish to calculate the sequence
of matrices Ci of its VMA representation, namely

yt = ϵt + C1ϵt−1 + C2ϵt−2 + · · ·

As we have seen above, for a VAR(1) process the Ci matrices obey Ci = Ai.
Consequently, rewriting the VAR process in companion form as in (5.2) yields

xt = Axt−1 + ηt = ηt + Aηt−1 + A2
ηt−2 + · · ·

or [︃
yt

yt−1

]︃
=

[︃
ϵt
0

]︃
+ A

[︃
ϵt−1

0

]︃
+ A2

[︃
ϵt−2

0

]︃
+ · · · ;

it can be worked out, from the expression above, that Ci is simply the n × n
block occupying the top-left corner of Ai; in practice, to calculate the first k
elements of the sequence of matrices Ci, you just build the companion matrix,
multiply it by itself k times, and extract the top-left corner each time.
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Example 5.2.2 Suppose that

A1 =

[︃
0.8 −0.6
0.2 0.2

]︃
A2 =

[︃
0.1 0.3

−0.2 −0.2

]︃
.

Therefore, the companion matrix is

A =

⎡⎢⎢⎣
0.8 −0.6 0.1 0.3
0.2 0.2 0.2 −0.2

1 0 0 0
0 1 0 0

⎤⎥⎥⎦ .

Let’s check for stationarity first, to make sure the Wold representation exists: using

Figure 5.1: Eigenvalues of the companion matrix

ℑ(λ)

ℜ(λ)
λ1λ2

λ3

λ4

appropriate software, it takes relatively little effort to establish that the eigenvalues of
A are

λ = [0.80481, −0.27953, 0.23736 ± 0.54705i].

Two of them are complex, so it’s nice to represent them graphically as in Fig. 5.1.3

They all lie within the unit circle (identified by a dotted line), hence the VAR process
is stationary, and we can calculate the moving average representation.

By using, again, appropriate software, the first powers of the companion matrix

3If you’re in trouble with this, check out Section 2.A.2.
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can be computed as

A0
= I =

⎡⎢⎢⎣
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤⎥⎥⎦

A1
= A =

⎡⎢⎢⎣
0.8 −0.6 0.1 0.3
0.2 0.2 0.2 −0.2

1 0 0 0
0 1 0 0

⎤⎥⎥⎦

A2
= A · A =

⎡⎢⎢⎣
0.62 −0.3 −0.04 0.36

0.4 −0.28 0.06 0.02
0.8 −0.6 0.1 0.3
0.2 0.2 0.2 −0.2

⎤⎥⎥⎦

A3
= A · A · A =

⎡⎢⎢⎣
0.396 −0.072 0.002 0.246
0.324 −0.276 −0.016 0.176

0.62 −0.3 −0.04 0.36
0.4 −0.28 0.06 0.02

⎤⎥⎥⎦ .

See? Since the companion matrix has an identity matrix in its South-West corner, the
top 2 rows shift downwards to the bottom at each iteration.

By extracting the respective 2 × 2 North-West blocks, we obtain the matrices of
the MA representation:

C0 = I C1 =

[︃
0.8 −0.6
0.2 0.2

]︃
C2 =

[︃
0.62 −0.3

0.4 −0.28

]︃
C3 =

[︃
0.396 −0.072
0.324 −0.276

]︃
Evidently, this procedure is a classic case where calculations are messy and tedious to
do by hand, but carried out swiftly by software.

5.3 VAR estimation

To begin from the end: the parameters of a VAR process can be consistently
estimated via a battery of OLS regressions. Let us see why: if you unravel the
matrix notation I used from equation (5.1) onwards, an n-variate VAR process
of order p can be considered as a system of n equations of the form

yit =
p

∑
j=1

(︁
ai1jy1t−j + · · ·+ ainjynt−j

)︁
+ ϵit. (5.3)

For n = 2 and p = 1, we would have, for example,

y1t = a11y1t−1 + a12y2t−1 + ϵ1t

y2t = a21y1t−1 + a22y2t−1 + ϵ2t.

Since p is normally unknown, people usually employ the same methods I
discussed in section 3: information criteria, optionally supplemented by auto-
correlation tests. From now on, let us assume that the order of the VAR is
known.
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Once a decision is reached on the VAR order p, each of the n equations in
system (5.3) could be viewed as a dynamic regression model (see the discus-
sion at the end of subsection 3.3); in this case, it can be shown that applying
OLS yields consistent and asymptotically normal estimates of all the aij para-
meters.

From an econometric perspective, much insight can be gained by interpret-
ing a VAR as the reduced form of a simultaneous equation system4 with no
identification restrictions, where all the elements of the vector yt are the en-
dogenous variables and their lags are exogenous. The aim of a VAR model is
very often to find a statistically accurate description of the persistence charac-
teristics of a set of time series, without the need for a structural interpretation
of the estimated parameters. It is for this reason that, when they first appeared
on the scene, VAR models were labelled as “atheoretical” models.

Additional regressors are not usually are a problem: therefore, VAR mod-
els usually employed in practice contain deterministic components that ac-
count for certain characteristics of the data — such as a constant if the yit
series have a non-zero mean, a trend, or dummy variables to indicate excep-
tional events or seasonal effects.

Estimation of the matrix Σ is fairly straightforward too. You just get the
OLS residuals from each equation ϵ̂1, . . . , ϵ̂n and compute their sample covari-
ance matrix. It can be proven that

1
T

ϵ̂′i ϵ̂j
p−→ Σij

is a consistent estimator of the ij-th element of the covariance matrix of ϵt.

5.3.1 An example

Let us take quarterly data on income and consumption for the Euro Area from
1995:1 to 2025:3 (the data come from https://mahmuts.bilkent.edu.tr/,
and are at constant prices and seasonally adjusted). The time series are shown
in Figure 5.2. The three most evident stylised fact evident when inspecting the
time plot are:

1. Both series are trending upwards, and seem to be roughly parallel.

2. GDP takes a small hit in 2008, at the time of the global financial crisis;
consumption, maybe not so much. Same pattern (but smaller) for the
2012 fiscal crisis.

3. The COVID pandemic affected both series quite dramatically, but it
would appear to have been a transitory episode: after a while, both
series go “back to normal”.

We take (as usual) the logarithms of the data and decide to insert eight
deterministic terms: a constant, a time trend (to account for the trending

4In the early days of econometrics, simultaneous equation models were the hot thing.
Nowadays, they are considered somehow passé, so I cannot assume my readers know what I’m
talking about. If you need some help, have a look at Section 5.A.1 in the appendix to this chapter.

https://mahmuts.bilkent.edu.tr/
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Figure 5.2: GDP and consumption in the Euro Area
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behaviour), plus 6 dummies for each quarter from 2020:1 to 2021:3, so that
the events during the pandemic are treated as a special period, structurally
different from the rest. In practice, the deterministic part for each equation is

di,t = βi,0 + βi,1t +
6

∑
j=1

γi,jCi,j,

where Ci,1 is a dummy variable for 2020:1, Ci,2 is a dummy variable for 2020:2,
and so on.

As for the choice of the VAR order, the information criteria give contrasting
answers: BIC selects 5 lags, HQC chooses 6 and AIC goes up to 9 quarters.
In the absence of a clear indication, since this is just an example, I decided to
go for simplicity and choose p = 2, so bear in mind that the subsequent result
should be treated as illustrative and are not meant to be taken as “the truth”.5

In practice, we will assume that our data are a realisation of the following
stochastic process:[︃

ct
yt

]︃
=

[︃
d1,t
d2,t

]︃
+ A1

[︃
ct−1
yt−1

]︃
+ A2

[︃
ct−2
yt−2

]︃
+

[︃
ϵ1t
ϵ2t

]︃
,

where, obviously, A1 and A2 are a 2 × 2 matrix of parameters. These, plus
the parameters in the deterministic terms, can be estimated using ordinary
least squares. We arrive at the results shown in Table 5.1, where the determ-
inistic parts are omitted for simplicity. The estimated A1 and A2 matrices are,
therefore,

ˆ︁A1 =

[︃
1.296 0.152
0.326 1.347

]︃ ˆ︁A1 =

[︃
−0.366 −0.106
−0.202 −0.504

]︃
5Those “in the know” may now complain I’ve taken no special precautions for unit roots,

despite all the fuss I made about them in Chapter 4. I’ll take care of those in Chapter 6. What I’m
trying to focus on here are the mechanics of a VAR model, so be lenient.
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and the companion matrix is

A =

⎡⎢⎢⎣
1.296 0.152 −0.366 −0.106
0.326 1.347 −0.202 −0.504
1.000 0.000 0.000 0.000
0.000 1.000 0.000 0.000

⎤⎥⎥⎦

Table 5.1: OLS results

Equation for ct
Coeff. S.E. t-stat. p-value

ct−1 1.29606 0.0999128 12.97 6.58e-24
ct−2 -0.366140 0.0859935 -4.258 4.36e-05
yt−1 0.152004 0.0908519 1.673 0.0972
yt−2 -0.105747 0.0882436 -1.198 0.2334

R2 = 0.9986 σ̂ = 0.003977

Equation for yt
Coeff. S.E. t-stat. p-value

ct−1 0.326256 0.105193 3.101 0.0024
ct−2 -0.201944 0.0905382 -2.230 0.0277
yt−1 1.34705 0.0956534 14.08 2.27e-26
yt−2 -0.503626 0.0929072 -5.421 3.55e-07

R2 = 0.9961 σ̂ = 0.00521754

Finally, by calculating the sample covariance matrix of the residuals from
the two equations above, we obtain the estimate of the matrix Σ:

Σ̂ =

[︃
1.426 · 10−5 0.814 · 10−5

0.814 · 10−5 1.581 · 10−5

]︃
,

5.4 Unit root VARs

In Chapter 4, we explored in some detail the characteristics of integrated pro-
cesses and the reasons why they are so important in macroeconomics. We
now turn to the implications of unit roots in VAR processes.

As argued in Section 5.2, we know that an n-variable VAR process A(L)yt =
ϵt is stationary if the solutions to the equation are all greater than one in mod-
ulus; an equivalent condition applies to the eigenvalues of the companion
matrix, which must all be less than one. What happens if |A(z)|= 0 has some
solutions for |z| = 1?

For a univariate process, either A(1) is zero, or it is not. There’s no other
possibility. In a multivariate framework, instead, it is important to establish
how many solutions to |A(z)| = 0 exist or, equivalently, how many unit eigen-
values the companion matrix has. As we already know, if all the eigenvalues
are less than 1, then the process is stationary. OK. If, on the other hand, there
are one or more unit eigenvalues, several cases of interest arise.
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The first case occurs when A(1) is a matrix of zeros. In this scenario, it
is convenient to employ the BN decomposition I introduced in Section 4.3,
which is also valid for multivariate processes:

A(L) = A(1) + A∗(L)∆,

where, obviously, A(L) is a matrix polynomial of order p, and, as a con-
sequence, A(1) and A∗(L) are also matrices. If we apply this decomposition
to our VAR process, we obtain

A∗(L)∆yt = ϵt,

so the process ∆yt has a VAR(p− 1) representation (because the order of A∗(L)
is p − 1).

If ∆yt is stationary, we conclude that yt becomes stationary after one dif-
ferentiation, and is therefore I(1). Under these circumstances, the obvious
course of action is performing our empirical analysis on the time series in dif-
ferences rather than in levels. In this case, it can be shown6 that the number
of unit eigenvalues of the companion matrix is exactly n.

It is worth noting that the BN decomposition can also be used on ∆yt in
Wald form: starting from

∆yt = C(L)ϵt

and using equation (4.3),

C(z) = C(1) + C∗(z)(1 − z),

we can write the process yt as

yt = C(1)µt + C∗(L)ϵt = Pt + Tt,

where µt is a multivariate random walk.
In these cases, naturally, a Wold representation does not exist, but nothing

prevents us from calculating a non-Wold moving average representation for
yt via the impulse response function as a sequence of matrices M defined as

(Mn)ij =
∂yit

∂ϵjt−n
.

It can be shown that the sequence Mn does not converge to 0 like in the
stationary case, but rather to a non-zero limit matrix; evidently, this prevents
square-summability. Of course, this is a generalisation of what happens in the
univariate I(1) case, where the impulse response function remains indefinitely
at a level different from 0.

Example 5.4.1 Consider the following VAR(2) process:

yt = 1.1yt−1 − 0.1xt−1 − 0.1yt−2 + 0.1xt−2 + ϵ1t

xt = 1.3xt−1 − 0.3xt−2 + ϵ2t,

6Warning: the converse is not true. One can construct examples of companion matrices with
n unit eigenvalues without the resulting process being I(1).
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and start from its companion matrix:

A =

⎡⎢⎢⎣
1.1 −0.1 −0.1 0.1

0 1.3 0 −0.3
1 0 0 0
0 1 0 0

⎤⎥⎥⎦ .

Its eigenvalues are 1, 1, 0.3, and 0.1.7 We have two unit eigenvalues, with the
remaining ones being smaller than 1, so we definitely have unit roots.

The A(L) polynomial can be written as

A(L) =
[︃

1 − 1.1L + 0.1L2 0.1L − 0.1L2

0 1 − 1.3L + 0.3L2

]︃
.

Evaluating this matrix polynomial at 1, you get

A(1) =
[︃

1 − 1.1 + 0.1 0.1 − 0.1
0 1 − 1.3 + 0.3

]︃
=

[︃
0 0
0 0

]︃
.

Therefore, by applying the BN decomposition,

A(L) = A(1) + A∗(L)∆ = 0 +
[︃

1 − 0.1L 0.1L
0 1 − 0.3L

]︃
∆,

so that

∆yt = 0.1∆yt−1 − 0.1∆xt−1 + ϵ1t

∆xt = 0.3∆xt−1 + ϵ2t.

which is a nice, stationary VAR(1) process.
Finally, if we wish to represent the process in VMA form, by applying the little

trick of calculating the powers of A as in Example 5.2.2, it turns out that

C0 = I, C1 =

[︃
1.1 −0.1

0 1.3

]︃
, C2 =

[︃
1.11 −0.14

0 1.39

]︃
, C3 =

[︃
1.111 −0.153

0 1.417

]︃
and so forth; anyone wishing to continue will find that Cn does not converge to 0
when n → ∞.

Matters would become more interesting if the number of unit eigenval-
ues were between 0 and n. In this case, A(1) is non-zero but not invertible
either, so its rank is a number smaller than n but greater than 0. This leads
to something called cointegration, where the process is I(1) but possesses pe-
culiar characteristics that we will examine in Chapter 6. A wholly separate
chapter is necessary because the reduced rank of A(1) has major implications
for inference as well as for the interpretation of the process behaviour, which
becomes very interesting. Understandably, cointegration was the hot topic in
time series econometrics at the end of the XX century.

Fortunately, the possible presence of integration causes fewer disasters for
inference than one might fear. To be more specific:

7Computing them by hand is possible, but long and excruciating. If you want to check by
yourself, use some appropriate software.
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• the use of information criteria for selecting the VAR order still works
OK, regardless of stationarity of the VAR process;

• OLS yields consistent parameter estimates in all cases, even though the
limiting distribution of the OLS statistics may become non-standard in
the presence of unit roots. If we are only interested in a point estimate
(for example, when we use the estimated VAR merely as a forecasting
machine), this issue is moot. If, however, we need to run hypothesis
testing (such as the so-called Granger-causality test, which I will discuss
in Section 5.5.2), then one must proceed with caution.

These results (among many others) are all contained in a paper (Sims et al.,
1990), which in my opinion is one of the finest time series econometrics papers
ever written. To cut a long story short, the paper shows that the consistency of
OLS estimators for VAR parameters is not jeopardised by unit roots, provided
that the lag structure of the estimated VAR is rich enough to allow the error
terms to be — more or less — white noise. The same paper also offers a highly
interesting discussion on the implications that the presence of unit roots has
for the distribution of these estimators, and the distributional properties of
the DF and ADF tests emerge, most elegantly, as a special case.

5.5 Usage of VARs

VARs — like their univariate counterparts — are widely used for forecasting
and for analysing the dynamic characteristics of time series. As I’ll show you,
many of the concepts we will use are natural extensions of those I already de-
scribed in the context of univariate processes, but sometimes the multivariate
nature of VARs gives rise to interesting situations that we need to examine in
detail.

The three most common applications in macroeconometrics are:

1. forecasting,

2. causality analysis,

3. dynamic analysis (aka “Structural VARs”).

I’ll give he first two a rather cursory treatment. Structural VARs, instead,
deserve more space and therefore are postponed to section 5.6.

5.5.1 Forecasting

Here, we don’t need much more than what I said in Section 3.4.1. The one
remark we need to make is that the information set Ft−1 used for producing
the forecast includes the past of all the time series that make up the VAR,
rather than just one.

Assuming (as usual) that our weapon of choice is the conditional expect-
ation, once the matrices Â1, . . . , Âp have been estimated using the technique
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described above, the forecast for yT+k is given by a simple generalisation of
the univariate case

ŷT+k = Â1ŷT+k−1 + · · ·+ ÂpŷT+k−p, (5.4)

where ŷT+k = yT+k for k ≤ 0. It is possible — by methods I won’t describe
in the main text, but I illustrate in Section 5.A.2 — to calculate confidence
intervals for the forecasts, so that the whole job can be carried out under a
proper statistical setup.

As you can see, the matter is rather simple. It should come as no surprise
that VAR analysis has been the standard tool for forecasting in small-scale
macroeconomic models at least for forty years, since the parameters contained
in the matrices Ai can be simply estimated via OLS. Obviously, this is not the
whole story. There are more sophisticated ways of working with VARs when
it comes to forecasting, but they lie beyond the scope of this book.

Another minor digression (a close relative of
the one made in subsection 3.4.1). The use of
VARs as a tool for forecasting is the subject
of a certain degree of irony within the pro-
fession. Indeed, a “baseline” VAR model like
those presented here constitutes a very drastic
simplification of empirical facts, which is ulti-
mately inadequate for capturing complex phe-
nomena; suffice it to think, for example, of that
in a VAR there is no simple way to incorporate
a priori information that we might have about
the future, such as policy regime changes and
so on.

A famous in-joke goes like this:

Forecasting is like trying to drive
a car blindfolded and following
directions given by a person who
is looking out of the back win-
dow.

In fact, this is a bit unfair: no one would
dream of labelling as mechanical or ridiculous
a statement like “a trade balance surplus today
will contribute to reducing unemployment in a
year’s time, to the extent that past surpluses
(deficits) have influenced unemployment one
year later”. Certainly, such a statement is par-
tial and mechanical, and does not take many
things into account, but it can make for an ex-
cellent basis for finer reasoning.
A VAR model is a tool for making this kind
of reasoning “semi-automatic”. A forecast ob-
tained with a model always needs to be as-
sessed in light of the qualitative characteristics
of the phenomenon. In this sense, one would
be almost tempted to argue the seemingly para-
doxical point that wrong forecasts are more
useful than correct ones, because it is through
the former that we receive signals as to whether
the world is changing (or whether, more trivi-
ally, our forecasting model has a problem).

Example 5.5.1 (GDP and consumption in the Euro Area) Let’s see how the VAR
model we estimated in Section 5.3.1 fares in terms of forecasting power. We used data
up to 2025:2, so we will try to forecast the two series up until the end of 2025. Since
in this example a VAR(2) was used, all we need for computing our forecasts are the
last two observed values, that is:

Period yt ct
2025:01 7.4500 8.1023
2025:02 7.4536 8.1037

With these in hand, the forecasts up to 2025:4 can be computed easily via equation
5.4; of course, you should also take into account the deterministic terms (constant and
trend) that I did not show in the example, for the sake of clarity.

The table below shows, for both variables, the actual value, the forecast and a 95%
confidence interval for the forecast.
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ct ĉt 95% conf. Int. yt ŷt 95% conf. Int.
2025:3 7.4565 7.4562 [7.4490-7.4639] 8.1057 8.1068 [8.0978-8.1136]
2025:4 7.4591 7.4607 [7.4463-7.4719] 8.1080 8.1088 [8.0936-8.1225]

All in all, results look rather good. All point forecasts are very near the actual value,
and the 95% confidence interval always include the actual realisations quite comfort-
ably.

5.5.2 Causality analysis

At the beginning of the 21st century, econometrics was more or less revolu-
tionised by the advent of what is commonly called “causal inference”. VARs
can also be used for a special flavour of causality analysis although, as we will
see presently, several qualifications are in order.

In general, cause-and-effect relationships are highly complex to establish
in an empirical analysis of economic data. If we observe a high correlation
between two variables X and Y, we can at most say that those two variables
exhibit a marked tendency to move together, but in the absence of other in-
formation, we cannot say anything about the causal links connecting them. It
could be that X causes Y, that Y causes X, or even that there is a third (unob-
served or unconsidered) variable Z which is the common cause of both. All
three situations would give rise to the same observable phenomenon, namely
a high degree of correlation between X and Y.

Sometimes economic theory comes to our aid: if, for example, we observe
that the price of a good systematically increases as the quantity traded grows,
we could suggest an interpretation based on a rightward shift of the demand
curve, corresponding to a stable supply curve. In this case, we may argue
that it was the increase in demand that caused the quantity to rise and, con-
sequently, the price of the good.

In many circumstances, however, theory does not offer unambiguous in-
dications: in such cases, there is a definition of causality that gives the possibil-
ity of determining the direction of the cause-and-effect relationship on purely
statistical grounds, and it is based on the following principle: the cause al-
ways precedes the effect. In other words, it is assumed that if X causes Y,
the causal link requires a minimum amount of time to occur, during which
we observe the movement of X, and only afterwards its effect, namely the
movement of Y. Conversely, if X did not cause Y, changes in X should not
produce systematic changes in the future values of Y.

To be more precise, Granger-causality, can be defined as follows:8

X⇝ Y ⇐⇒ E(yt|yt−1,yt−2, . . . , xt−1, xt−2, . . .) ̸= E(yt|yt−1,yt−2, . . .),

where the ⇝ symbol is taken to mean “causes in the Granger sense”, or

8This definition was introduced in the 1970s by C.W.J. Granger (2003 Nobel prize winner),
and is therefore named after him. Granger, however, pointed out repeatedly that he had simply
introduced a definition by the mathematician Norbert Wiener into econometrics. Granger said
several times that he considered this concept of causation valid only as a first approximation, and
that he didn’t like its indiscriminate use.
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“Granger-causes”.9 The slashed version ̸⇝ means of course “does not cause”.
If we take conditional expectation as synonym for “forecasting function”, the
above definition implies that, if the past of X helps in predicting Y, then X is
one of that causes of Y.10

It is immediate to adapt the definition above to the case of a bivariate VAR:
if the vector zt = (yt, xt)′ can be represented as a VAR process[︃

A11(L) A12(L)
A21(L) A22(L)

]︃[︃
yt
xt

]︃
=

[︃
ϵ1,t
ϵ2,t

]︃
,

we have that x⇝ y ⇐⇒ A12(L) ̸= 0.

Example 5.5.2 Suppose we consider the following bivariate VAR:[︃
yt
xt

]︃
=

[︃
0.8 −0.4

0 0.8

]︃[︃
yt−1
xt−1

]︃
+

[︃
ut
vt

]︃
,

with Σ = E
(︃[︃

ut
vt

]︃[︁
ut vt

]︁)︃
=

[︃
1 0.4

0.4 1

]︃
.

In this case, we have that X⇝ Y, but not vice versa, because the past values of Y
do not help to predict X. Note, moreover, that

E(xt|yt,Ft−1) = 0.96xt−1 + 0.4yt − 0.32yt−1

and therefore the past values of Y are of use in predicting X, but only when the
contemporaneous value of Y also enters the conditioning set.

Note that, if the VAR is stationary, a test of the hypothesis x ̸⇝ y is equi-
valent to a simple significance test: if we write out the first equation of the
VAR in full,

yt = α1yt−1 + β1xt−1 + α2yt−2 + β2xt−2 + · · ·+ αpyt−p + βpxt−p + ϵ1t.

The hypothesis of no Granger-causality from x to y is equivalent to the hypo-
thesis

H0 : β1 = β2 = · · · = βp = 0

which is a linear restriction on the parameters of the equation, testable via
the usual methods. Since (under stationarity) asymptotic inference can be
performed using the standard OLS tools, the Granger-causality test is simply
a special case of the hypothesis testing apparatus.

Due to its ease of use, the Granger-causality test has been employed in
countless applied papers. At some point, between the 1970s and 1990s, it was
widely used as a tool to prove or disprove economic theory. Its usage, how-
ever, has declined after the profession realised that the concept of Granger-
causality is too mechanical to be considered synonymous with the idea of

9In fact, the concept was originally framed in more general terms, using the conditional dis-
tribution of yt rather than simply its conditional mean. However, the formulation I adopt here is
in line with common applied practice.

10Note that from the definition of Granger-causality it follows that if X ⇝ Y, it does not
necessarily mean that Y ̸⇝ X. Likewise, if X ̸⇝ Y, it does not necessarily mean that Y⇝ X.
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causality that we, as economists, have in mind. More specifically, two main
criticisms arise.

The first one is a, so to speak, statistics-based criticism, and is centred
on the possibility that a variable X can be found to be Granger-causal for
another variable Y or not depending on which other variables are present in
the system. To clarify this concept, let us give an example (which has nothing
to do with Granger-causality by itself): suppose we have a trivariate normal

distribution (Y, X, Z) with mean 0 and covariance matrix

⎡⎣ 1 0 α
0 1 β
α β 1

⎤⎦. It is

immediately clear that

E(Y|X) = 0 E(Y|X, Z) =
−αβ

1 − β2 X +
α

1 − β2 Z.

If α and β are non-zero, the statement X ‘does not explain’ Y is correct only if
Z is not considered. In terms of Granger-causality, a test that rejects (or not)
the null hypothesis of no Granger-causality in a bivariate VAR could reject
(or not) it in a trivariate VAR; therefore, GC tests must always be considered
valid within the chosen conditioning set. By modifying the content of the vector
of variables in the VAR, the results of the Granger-causality test may change.11

The second criticism is more, let’s say, structural; it refers to the logical
concept of cause-and-effect, which is independent of what happens in phys-
ical time. In fact, it is possible for the cause to manifest itself only after the
effect, when the latter is influenced by expectations. Edward Leamer made
the point that there would have been fewer problems if Granger had used the
word “precedence” rather than the word causality. The example usually given
is somewhat overused, but it conveys the idea: the fact that Christmas shop-
ping is done before Christmas does not allow us to say that the celebration
of Christmas on 25 December is caused by the increase in sales of toys, socks
and ties.12

A more interesting example for us economists is provided by Italian eco-
nomic history: it is quite natural to think that the cause of the decline in
interest rates on Italian sovereign debt between 1995 and 1997 was due to the
fact that Italy’s entry into the European Monetary Union was seen by market
operators as less and less improbable. However, if we were to rigidly apply
the post hoc, ergo propter hoc13 criterion, we would have to conclude that Italy’s
entry into the EMU was caused by the decline in rates. To some extent this
is true (the reduction in rates brought about a lightening of the debt service
burden and, consequently, an improvement in the public budget), but this is
certainly not the whole story: there is an important part of the explanation
that is not captured by the influence of falling rates on debt servicing, which
has to do with expectations, with the credibility of the government, and with
the international economic situation; but you will find this story — better told
— in many other places, and therefore you will not find it here.

11If one wishes, the entire argument can be read as a special case of the so-called omitted
variables problem in the linear model.

12Another nice one is: do weather forecasts cause rain?
13After this, therefore because of this.
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In conclusion, I like to quote one of my favourite econometricians, Adrian
Pagan, who in one of his splendid survey articles (Pagan, 1989) wrote:

There was a lot of high-powered analysis of this topic, but I came away
from a reading of it with the feeling that it was one of the most unfortunate
turnings for econometrics in the last two decades, and it has probably
generated more nonsense results than anything else during that time.

5.6 Dynamic Analysis and Structural VARs

As in the univariate case, the primary tool for the dynamic analysis of a VAR
process is the impulse response function, which was previously defined and
analysed in section 3.4.2. The reader will recall that, in that section, we mo-
tivated the use of the impulse response function by interpreting the white
noise appearing in the ARMA representation of the process as the additional
information that enters the memory of the time series at each observation
period. Here, however, matters are more complex because we have n vari-
ables and n shocks, meaning that the impulse response is an n × n matrix for
any given period. The good thing is that, in return for this additional com-
plication, we get the possibility of interpreting results in a very interesting
way.

These ideas give rise to the so-called structural VARs, or SVARs for short,
that provide one of the most important tools in modern macroeconometrics;
the literature is enormous, and it has achieved remarkable levels of soph-
istication. Here, I shall confine myself to a highly introductory discussion.
Consider a stationary VAR

A(L)yt = ϵt (5.5)

and start from its moving average representation:

yt =
∞

∑
i=0

Θiϵt−i.

Let us use the following notation:

h(i, j,n) = (Θn)i,j =
∂yi,t

∂ϵj,t−n
.

How should this quantity be interpreted? One can attempt a parallel with the
univariate case: h(i, j,n) is the response of the i-th variable to the j-th shock
after n periods. Since the vector ϵt is the difference between yt and E(yt|Ft−1),
it can be thought of the one-step-ahead forecast error (see the discussion in
Subsection 3.4.2).

Differently from the univariate case, however, there is more that can be
said here. With a single time series, the source of uncertainty that make our
forecasts wrong remains obscure: quite simply, the causes must be sought
outside the conditioning information set. This is why we confine ourselves to
interpreting the shock as the effect of unpredictable causes.
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In the multivariate setting, we can go a little further: for each period, we
have n forecast errors, one for each time series. Consequently, we can ask what
the underlying reasons for the forecast errors are. More formally, we could
imagine that our vector of forecast errors is a linear function of unobservable
shocks, to which we can attach some “structural” interpretation, so they are
known as we call structural shocks:

ϵt = Cut, (5.6)

where we assume that C is square and invertible. Note that the vector ϵt is
observable (or at least estimable), whereas the vector ut and the matrix C are
not.

Example 5.6.1 Suppose we observe the price of a good pt and the quantity traded qt
over time, and that the following representation holds:

A(L)
[︃

pt
qt

]︃
=

[︃
µp,t
µq,t

]︃
+

[︃
ϵp,t
ϵq,t

]︃
.

where [︃
ϵp,t
ϵq,t

]︃
=

[︃
c11 c12
c2,1 c2,2

]︃[︃
ud

t
us

t

]︃
.

More precisely: let us imagine that demand and supply are unobservable quantities,
subject to mutually uncorrelated random shocks, that we call ud

t and us
t , respectively.

With a fixed supply curve, an unpredictable shift in the demand curve (a “demand
shock”) would produce a forecast error of the same sign for both price and quantity.
Clearly, by reversing the argument, a “supply shock”would imply forecast errors of
opposite sign. Therefore, we would expect c11 and c21 to have the same sign, while
c12 and c22 should be opposite in sign. In practice, both structural shocks to the
demand and supply curves propagate to the forecast errors of both equations.

If C were known, very interesting possibilities would open up. Clearly,
we could reconstruct the history of structural shocks (via ut = C−1ϵt), but
most importantly, we could calculate structural impulse responses: combining
equations (5.5) and (5.6) yields

A(L)yt = Cut

and therefore

yt = [A(L)]−1 Cut = Cut + Θ1 · Cut−1 + Θ2 · Cut−2 + · · · (5.7)

from which

IRF(i, j,n) =
∂yit

∂ujt−n
= (Θn · C)ij = [Mn]i,j

While the impulse response with respect to the forecast error is hardly
interpretable, the impulse response to the structural shock would would be
useful in evaluating how the observable quantities (in the previous example,
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price and quantity) respond over time to a shock impacting a behavioural rela-
tion (in the previous example, the demand function or the supply function).14

Since the matrix C is unobservable, it must be estimated. However, this
is by no means a straightforward task, as the only observable statistic that
can serve as a basis for estimation is the covariance matrix of ϵt, namely Σ.15

If, without loss of generality, we normalise the structural shocks to have unit
variance, it follows from equation (5.6) that

Σ = CC′; (5.8)

given that Σ can be estimated very easily via the sample covariance matrix of
the VAR residuals, a matrix Ĉ for which ˆ︁Σ = ĈĈ′ holds is a perfectly good
estimate of C.

The problem with this idea is that, for every symmetric and positive-
definite matrix Σ, there exist infinitely many matrices C that satisfy equation
(5.8): suppose that C is a solution to equation (5.8). Then define

C∗ = CQ,

where Q is an arbitrary orthogonal matrix (if your reaction is “what?”, then
Section 5.A.3 is for you). Since QQ′ = I by definition, then C∗ is also a solution,
as can be verified by direct multiplication.

In the econometric jargon, we have an under-identification problem: there
is an uncountably infinite number of matrices Ĉ that are observationally equi-
valent. If we wish to obtain a single estimate of C, we must impose constraints
such that equation (5.8) has one and only one solution. This is known as the
identification problem in the SVAR literature. In practice, since the matrix C
is also the structural IRF of order 0 (see equation (5.7)), in most cases we use
some a priori knowledge to impose the necessary constraints on C.

5.6.1 Triangular SVARs and the Cholesky Decomposition

The first solution historically proposed for this problem, which is still widely
used today,16 is based on triangularising the VAR. It can be shown that equa-
tion (5.8) has a unique solution if assume the matrix C to be lower triangular,
meaning that all its elements cij are zero for j > i. In this case, the tool we
use to write Σ as CC′ is known as the Cholesky decomposition: it establishes
that any symmetric and positive-definite matrix V can always be written as
the product of a lower triangular matrix L and its transpose, i.e. V = LL′, and
that L is unique17.

14There are more by-product of this representation, namely the Forecast Error Variance Decom-
position, commonly abbreviated as FEVD, and the Historical Decomposition. For these, read the
literature.

15Strictly speaking, this is only true under normality of ϵt. A recent strand of literature has
explored possible departures from the normality assumption and found some clever tricks to
identify C using those, but these techniques are too advanced to be discussed here. I’ll just make
a passing reference later, in Section 5.6.3.

16This is due to both historical reasons and its computational simplicity, which means that
many econometric software packages implement it as the default option.

17The Cholesky decomposition can be calculated by hand without much effort only when the
matrix V is small. However, this is a task best left to computers.
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In our case, given a consistent estimate of Σ, it is possible to obtain Ĉ fromˆ︁Σ because C is a continuous function of Σ, and therefore Ĉ is consistent too.
Once these estimates have been obtained, we can proceed to the analysis of
the impulse responses, which can be computed from the matrices Θ̂nĈ, like
in equation (5.7).

The meaning of the triangular decomposition can be illustrated by writing
(5.6) as follows: since C is lower triangular,

⎡⎢⎢⎢⎣
ϵ1t
ϵ2t
...

ϵnt

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
c11 0 · · · 0
c21 c22 · · · 0
...

...
. . .

...
cn1 cn2 · · · cnn

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣

u1t
u2t

...
unt

⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
c11u1t

c21u1t + c22u2t
...

cn1u1t + cn2u2t + · · ·+ cnnunt

⎤⎥⎥⎥⎦ .

As can be clearly seen, C being lower-triangular implies that the first fore-
cast error is a function of only the first structural shock, the second forecast
error is a function of the first two, and in general, ϵit = ∑i

j=1 cijujt (note that
the upper limit of the summation is i). In other words, the ordering of the
elements within the vector yt is not arbitrary but follows a precise logic: the
one-step-ahead forecast error on the first variable of the VAR is a function of
the first structural shock only, so that by construction the first structural shock
coincides (up to a scale factor) with the forecast error of the first variable. The
second structural shock, on the other hand, is identified by subtraction: given
that only the first two structural shocks impact the second variable, the second
structural shock u2t is defined as the second forecast error ϵ2t “net of” u1t (or
ϵ1t, which is the same).

Hopefully, this argument should make it obvious that the choice of variable
ordering is absolutely crucial in interpreting the results of a triangular VAR.
A word of caution, however. The above assumption is less restrictive than
it appears at first sight. Indeed, if C is lower triangular, the constraint only
affects the impulse responses at time 0; after one period, each structural shock
can have a non-zero impact on each of the variables.

Identification, therefore, is achieved by specifying a hierarchy among the
variables of the VAR based on their (instant) responsiveness to structural
shocks, and the variables are ordered by increasing responsiveness: in the
jargon of applied economists, the precept is “the most exogenous variables go
first”.

Example 5.6.2 Let us continue with Example 5.6.1. One could imagine, for instance,
that a shock to the demand for a good does not instantly impact its price, perhaps
because producers need some time to perceive the shock, adjust the prices, and allow
the new price to propagate along the distribution chain. In this case, a demand shock
influences — instantaneously — only the quantity traded.

The forecast error on the price, therefore, will not contain the demand shock but
only the supply shock, whereas the forecast error on the quantity will be a function of
both. In formulas:

A(L)
[︃

pt
qt

]︃
=

[︃
µp,t
µq,t

]︃
+

[︃
c11 0
c21 c22

]︃[︃
us

t
ud

t

]︃
.
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Note that this assumption does not imply that the demand shock never impacts the
price. It only implies the instantaneous neutrality of the price to demand, meaning
that a demand shock is felt on the price only after at least one period.

Naturally, there is a certain degree of arbitrariness in the ordering one
chooses. Often, institutional factors or information asymmetries are refer-
enced to justify a particular ordering, and it is clear that, in general, the idea
that a variable takes at least one period to move in response to a shock is all
the more defensible the shorter the period: in the price/quantity example I
used above, the identification restriction (price does not respond instantly to
a demand shock) could be perfectly justified with weekly data, somewhat less
so with monthly data, and would become far less defensible with quarterly or
annual data.

Example 5.6.3 Let us return to Example 5.5.1. As you may recall, we used a VAR(2)
for simplicity, but here we’re going to make the example juicier (and more realistic)
by adopting the VAR order suggested by the HQ criterion, ie 6. The estimated Âi
matrices are

A1 =

[︃
1.353 −0.029
0.481 1.129

]︃
A2 =

[︃
−0.255 0.102
−0.321 −0.193

]︃
A3 =

[︃
0.079 −0.266
0.268 −0.225

]︃

A4 =

[︃
−0.090 0.233
−0.260 0.138

]︃
A5 =

[︃
−0.180 −0.063

0.039 −0.135

]︃
A6 =

[︃
0.107 −0.014

−0.015 0.059

]︃

Figure 5.3: Non-structural impulse response functions
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By computing powers of the companion matrix, we obtain the Wold representation,
that is the non-structural impulse response functions; its coefficient matrices are

Θ0 =

[︃
1 0
0 1

]︃
Θ1 =

[︃
1.353 −0.029
0.481 1.129

]︃
Θ2 =

[︃
1.560 0.029
0.872 1.068

]︃
· · ·
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Figure 5.4: Structural impulse response functions
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and so forth. The impulse responses are plotted in Figure 5.3. The top-left graph
shows the response of ct with respect to ϵ1t (called “prederr(c)” in the plot), and so
on.

What could be the economic interpretation of Figure 5.3? Very little, I would say.
Those plotted are just the responses of the observed variables to the one-step-ahead
forecast errors. Consider, instead, the triangularised version. The covariance matrix
of the residuals Σ̂ and its Cholesky factor (that we take as an estimate of C) are

Σ̂ =

[︃
0.074 0.053
0.053 0.135

]︃
Ĉ =

[︃
0.271 0.000
0.196 0.310

]︃
Therefore, the structural VMA coefficient matrices are Mi = ΘiĈ:

M0 =

[︃
0.271 0.000
0.196 0.310

]︃
M1 =

[︃
0.361 −0.009
0.351 0.350

]︃
M2 =

[︃
0.429 0.009
0.445 0.331

]︃
· · ·

I don’t want to assign an economic interpretation to the structural shocks just yet.
For the moment, I’m going to call them “foo” and “bar”. The structural IRFs are
plotted in Figure 5.4.

The first structural shock, “foo” is identified as the only shock impacting ct con-
temporaneously, and therefore coincides with the one-step-ahead prediction error for
ct. The reader can verify that the top two plots in Figure 5.4 look exactly the same
as those in Figure 5.3, apart from a slight scale adaptation. However, under the tri-
angular identification scheme, the prediction error for yt is a mix of “foo” and “bar”,
so that the impulse responses for yt look different (especially the one for “foo”, that
doesn’t start from 0).

How do we interpret Figure 5.4? We need to find some theoretical unobservable
time series that we can associate with “bar”. That is, some latent variable, to which
we can attach a meaning, whose movement does affect yt instantaneously, but not ct.
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Can you think of one? I don’t have a fireproof answer. Possibly, using a rather old-
fashioned Keynesian interpretation, one could suggest interpreting the second struc-
tural shock “bar” as a shock to the components of autonomous demand — for instance,
an unexpected improvement in the trade balance. The forecast errors for ct are to be
ascribed exclusively to the first structural shock; therefore, we may call “foo” the
“consumption shock” and “bar” the “autonomous demand shock”.

In the world we are imagining, households do not immediately notice the increase
in income and only begin spending their extra income after one period. Given a
shock to autonomous demand, households do not notice it immediately, and indeed
the curve starts from zero, because the Cholesky decomposition sets C to be lower
triangular. After one quarter, however, a sort of Keynesian multiplier gets into action,
leading households to increase consumption for 2-3 periods, after which the effect
begins to decline. Do you find this interpretation convincing? Well, I’ll leave it to
your judgement.

Two final remarks: the triangular identification scheme can be generalised
to more general constraints onto the instantaneous IRF, that is, the M0 matrix.
In the so-called “AB-model”, equation (5.6) is replaced by its more flexible
counterpart

Aϵt = But, (5.9)

where A and B are generic square matrices. A triangular SVAR becomes a
special case where A = I and B is lower-triangular. Models of this kind are
quite popular in some sub-literatures (eg. fiscal models), but the conditions
you need for identification are more complex and demanding, and their es-
timation is much less straightforward than just taking the Cholesky factor of
a matrix.

Finally: it is customary, when plotting the IRF like in Figure 5.4, to sur-
round them by confidence bands so as to make their evaluation a little more
appropriate from a statistical viewpoint. This is, in most cases, done by means
of a computational technique called bootstrapping, whose description is far out-
side the scope of the present book. Go read the literature.

5.6.2 Long-run constraints

An alternative method of achieving identification is to impose constraints not
on what happens instantaneously, but rather on what happens in the long
run: this idea was introduced by Blanchard and Quah in a celebrated pa-
per published in 1989, and since then, it has been exploited many times and
developed in numerous directions.

Rather than being motivated by institutional considerations, these long-
run restrictions stem from an approach more inclined to take seriously eco-
nomic theory, which is often unable to make predictions about what happens
in the short run, but only in the long run.

To illustrate how it all works, I shall return to the original idea of Blan-
chard and Quah: to describe the state of the real economy, we use two vari-
ables (assumed to be stationary), namely the GDP growth rate (∆Yt) and the
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unemployment rate (Ut). The movements of these two variables over time ori-
ginate from aggregate demand shocks, such as fiscal or monetary policy, and
from aggregate supply shocks, such as technological innovations.

The identification strategy, coming from economic theory, is based on the
idea that, in the long run, the level of GDP is entirely determined by techno-
logy, namely by aggregate supply. Fluctuations in aggregate demand, such as
those induced by economic policy, impact GDP in only a transitory manner.

To make this idea operational, let us start from the moving average repres-
entation:

yt = Θ(L)ϵt = ϵt + Θ1ϵt−1 + · · ·

which in this case is[︃
∆Yt
Ut

]︃
= B

[︃
us

t
ud

t

]︃
+ Θ1B

[︃
us

t−1
ud

t−1

]︃
+ . . .

If the VAR is stationary, obviously Θn → 0. However, we are not interested in
the impact of the shocks on ∆Yt, but rather on the level Yt. Evidently,

Yt+k = Yt + ∆Yt+1 + ∆Yt+2 + · · ·+ ∆Yt+k

and therefore the long-run impact matrix is given by

lim
k→∞

∂Yt+k

∂ud
t

=
∂ ∑∞

i=0 ∆Yt+i

∂ud
t

=
∞

∑
i=0

∂∆Yt+i

∂ud
t

=
∞

∑
i=0

[ΘiB]1,2 = [Θ(1)B]1,2.

Consequently, to analyse the impact of the shocks on the level of GDP, one
must consider the cumulative impact of the shocks on ∆Yt. The theoretical as-
sumption of long-run neutrality of GDP to demand translates into this quant-
ity being 0:

lim
k→∞

∂Yt+k

∂ud
t

= 0. (5.10)

The constraint we need, therefore, is obtained by imposing that the mat-
rix Θ(1)B be lower triangular. The matrix Θ(1) is easy to estimate once the
parameters of the VAR have been estimated: since

Θ(L) = A(L)−1,

an estimate of Θ(1) is simply

ˆ︁Θ(1) = Â(1)−1.

Obviously, for this to work, it is necessary that A(1) be invertible, which rules
out unit roots processes.18

To illustrate the meaning of the constraint, it is useful to mention that
the matrix Σ is, by definition, the covariance matrix of ϵt, but it can also be
viewed as V(yt|Ft−1), i.e. the covariance matrix of the conditional distribution

18This is not strictly true: there exists a highly interesting generalisation to the cointegrated
case which, however, I shall not address here. Anyone interested should google for “King Plosser
Stock Watson”. I shall say no more.
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of yt. If we focused on the marginal distribution of yt, namely V(yt), instead,
what would the covariance matrix look like? Let us consider, once again, the
moving average representation:

yt = Θ(L)ϵt = ϵt + Θ1ϵt−1 + · · ·

Since ϵt is a vector white noise process, its elements are uncorrelated with
each other over time; it follows that

V(yt) = V(ϵt) + Θ1V(ϵt−1)Θ′
1 + · · · = Σ + Θ1ΣΘ′

1 + · · · = Θ(1)Σ Θ(1)′.

Given that Σ = CC′, we can write

Θ(1)Σ Θ(1)′ = [Θ(1)C][Θ(1)C]′.

The constraint corresponding to the long-run restriction is that the matrix
[Θ(1)B] be lower triangular. In practice, a long-run restriction can be thought
of as a constraint on the marginal covariance matrix instead of a constraints on
the conditional covariance matrix.

At this point, at least in principle, the elements of C can be recovered. In
the Blanchard-Quah case, it follows that

Θ(1)11C12 + Θ(1)12C22 = 0 =⇒ C12 = −Θ(1)12

Θ(1)11
C22,

so that, if we define θ = −Θ(1)12
Θ(1)11

, it follows that

CC′ =

[︃
C2

11 + θ2C2
22 C11C21 − θC22

C11C21 − θC22 C2
21 + C2

22

]︃
= Σ =

[︃
σ2

∆Y
σ∆Y ,U

σ∆Y ,U σ2
U

]︃
and to find the matrix C, the following system of equations

σ2
∆Y

= C2
11 + θ2C2

22

σ∆Y ,U = C11C21 − θC22

σ2
U = C2

21 + C2
22

must be solved.

5.6.3 Other approaches to identification

In recent years, the difficulties inherent in finding justifiable identification re-
strictions have prompted scholars to pursue other approaches. This text is too
introductory to give a reasonable account of the other ideas that have been
put forward, so I’ll just show you a list of three main alternative approaches,
some of which have become extremely popular:

Proxy SVARs The main intuition is that, in some cases, it could be possible to
find observable variables that are, arguably, well correlated with struc-
tural shocks. For example, people have done very clever things by ap-
plying text analysis to the statements issued by central banks to recover
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an observable variable that should be act as a reasonably good “proxy”
to a genuine monetary policy shock. It is interesting to note that this
strand of literature has a fair number of contact points with the one on
instrumental variables.

Non-white noise innovations If ϵt is normal white noise, the the only source
of information we have in the matrix C in equation (5.6) is the sample
covariance matrix of the VAR residuals. However, departures form that
assumption can be quite beneficial when it comes to identifying C. For
example, one could use higher-order moments.

Another idea, that has become quite popular, is identification by het-
eroskedasticity. The simplest example is: suppose that in some periods
V(ϵt) = Σ1 and in some other periods V(ϵt) = Σ2 ̸= Σ1, and that you
know the time boundaries between the two regimes (for instance: high-
uncertainty vs low-uncertainty periods). In this case, it can be proven
that you can estimate C directly from the data, and no identification
restrictions are necessary.

Sign restrictions In some cases (see eg example 5.6.1) we don’t really know
very much, apart from the sign that a certain IRF should display, ac-
cording to economic theory. An adverse technology shock should pull
GDP down, almost by definition; a restriction in monetary policy has
the precise aim of curbing inflation; and so on. In these cases, one could
explore the set of matrices C that are consistent with these views. One
of the simplest ways to do so is to start with K, the Cholesky factor of
Σ, and then use an appropriate computer algorithm to generate random
orthogonal matrices Q1, Q2, . . . , QH . Of course, all the matrices

Ci = KQi

have the property Σ = CiC′
i , but only a subset of them will be consistent

with the sign restriction we have in mind. Typically, you only keep the
“good” ones and see what happens, via specialised techniques I won’t
describe here.

From the considerations presented in these fi-
nal pages, it is evident that Structural VARs
mat produce results that depend crucially on
the identification conditions that have been im-
posed. It is by no means impossible (indeed,
it is far from rare) for two researchers to ar-
rive at completely different interpretations of
the dynamic properties of the very same sys-
tem, simply because they have chosen different
identification hypotheses (for example, a differ-
ent variable ordering in a triangular system).
Personally, I do not think this is a weak point

of the SVAR methodology. In the analysis
of a complex problem, I believe there is no
single “right” or “wrong” way to proceed.19

Consequently, different identification strategies
may be reasonable and, obviously, results may
change across the various cases because the
definitions of the shocks whose responses are
being measured also change. Whether an iden-
tification assumption more useful, reasonable,
informative, or illuminating than another de-
pends largely on the problem under considera-
tion and on personal preference.

19“...there is always a well-known solution to every human problem — neat, plausible, and
wrong”. H. L. Mencken.
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5.A Assorted results

5.A.1 Simultaneous equation systems

That estimation of systems of equations is the first autonomous contribution
of econometrics to the general arsenal of statistical tools.

A simultaneous equation system can be represented in two ways: in the
structural form, the system can be represented as

Γyt = Bxt + ut, (5.11)

where the vector yt contains n endogenous variables, the vector xt contains k
exogenous variables, and ut is a vector of innovations. The matrices Γ and B
contain behavioural parameters, to which we like to give an economic inter-
pretation, and these are the ones we would wish to estimate.

For example, consider a two-equation demand-supply system, written as

qt = α0 − α1 pt + α2yt + ut (5.12)

pt = β0 + β1qt + β2mt + vt; (5.13)

equation (5.12) is the demand equation (quantity at time t as a function of
price at time t), (5.13) is supply (price as a function of quantity). Demand
depends on price and yt (the per-capita income at time t), while in the supply
equation price depends on production and mt (the price of raw materials at
time t).

The two disturbance terms ut and vt are random shocks to the two curves.
For example, ut could incorporate random fluctuations in demand due to
shifting customer preferences, fluctuations in disposable income and so forth;
vt, instead could be non-zero because of productivity shifts due to random
events (think for example weather for agricultural produce). Assume that
E(ut) = E(vt) = 0.

The system above can be written using matrix notation as[︃
1 α1

−β1 1

]︃[︃
qt
pt

]︃
=

[︃
α0 α2 0
β0 0 β2

]︃⎡⎣ 1
yt
mt

⎤⎦+

[︃
ut
vt

]︃
,

where for example Γ =

[︃
1 α1

−β1 1

]︃
and so on.

The parameters of interest are the elements of Γ and B. These, however,
cannot be consistently estimated using OLS, and this is why many ingenious
alternative estimation methods were devised, including Instrumental Variable
(IV) estimation.

By premultiplying eq. (5.11) by Γ−1 you can also defined the reduced form
of the system:

yt = Πxt + wt. (5.14)

In the supply-demand example above the reduced form would be

qt = π1,1 + π1,2 yt + π1,3 mt + w1,t (5.15)

pt = π2,1 + π2,2 yt + π2,3 mt + w2,t. (5.16)
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Unlike the structural form, the reduced form can be estimated using OLS
for each equation in the system; unfortunately, the coefficients contained in
the matrix Π lack an economic interpretation. Nevertheless, once a consistent
estimate of Π is obtained (let us call it ˆ︁Π), we could implicitly define consistent
estimators of Γ and B (let us call them ˆ︁Γ and ˆ︁B) as those statistics that satisfy
the relationship ˆ︁Γˆ︁Π = ˆ︁B.

However, the number of elements in the matrix Π is smaller than the num-
ber of parameters contained in Γ and B; hence, it is impossible to define these
statistics uniquely, unless constraints are imposed on the matrices Γ and B.
The so-called “identification conditions” are nothing more than the impos-
ition of a certain number of restrictions on the elements of Γ and B. But
perhaps you had better pick up a good econometrics textbook.

5.A.2 Forecast error variance and confidence intervals

Let’s begin by the simplest case: we have data from 1 to T and we want to
forecast yT+1 using a VAR(1). Based on Section 5.5.1, our forecast is

ŷT+1 = ÂyT ;

consequently, the forecast error we’re going to make is

eT+1 = yT+1 − ŷT+1 = AyT + ϵT+1 − ÂyT =
(︁

A − Â
)︁

yT + ϵT+1.

Our objective is to compute the covariance matrix of the expression above.
Since that the two elements it contains should be independent (or nearly so),20

the variance of the sum is the sum of the variances, so

V(eT+1) = V
[︁(︁

A − Â
)︁

yT
]︁
+ Σ.

The first component comes from the fact that we don’t observe the true A
matrix, but we need to estimate it. The second one is just the covariance
matrix of ϵt, the white noise driving the process.

In principle, both items should be taken into account. However, it should
be noted that in ordinary circumstances consistency of Â implies that

lim
T→∞

V
[︁(︁

A − Â
)︁

yT
]︁
= [0],

and what commonly happens is that, with decently-sized samples, the uncer-
tainty stemming from estimation is negligible compared to the one coming
from ϵt. In practice, nobody bothers and everybody uses the approximation

V(eT+1) ≃ V(ϵT+1),

which is equivalent to assuming that we’re using the DGP parameters and not
an estimate.

OK, so let’s pretend we have the true parameters. There are two more
issues we have to tackle:

20Why? As lazy writers like me are fond of saying, “this is left as an exercise to the reader”.
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1. How does this generalise to VAR(p) models?

2. Can we compute the variance for k-step-ahead predictions?

The first issue is, in fact, a non-issue: all we have to do is rewrite the model in
companion form and we’re done (of course, we have to extract the appropriate
sub-matrices from the ones we compute, like we did in Section 5.2, but that’s
trivial).

As for multi-step forecasts, here’s how we do it: let’s continue with the
example above and calculate our forecast error for T + 2. The first thing to
note is that21

yT+2 = AyT+1 + ϵT+2 = A2yT + AϵT+1 + ϵT+2

and therefore our forecast can be written as

ŷT+2 = E(yT+2|FT) = A2yT

so the forecast error becomes

eT+2 = AϵT+1 + ϵT+2;

again, the white noise property ensures that the covariance between ϵT+1 and
ϵT+2 is zero (a matrix of zeros, to be pedantic). Therefore,

V(eT+2) = AΣA′ + Σ. (5.17)

The extension to the general case is immediate:

eT+k = ϵT+k−1 + AϵT+k−2 + A2ϵT+k−3 + . . . + Ak−1ϵT+1,

and the expression corresponding to 5.17 can be easily found.
In fact, the whole argument could be rephrased as follows: once we can

express yt as a vector moving average, the forecast error variance can be com-
puted easily from the choice of the conditional expectation as our forecast
function:

ŷT+k = E(yT+k|FT),

which implies eT+k = yT+k − E(yT+k|FT). Consider now the VMA represent-
ation of yT+k and split it as follows:

yT+k = ϵT+k−1 + C1ϵT+k−2 + · · ·+ Ck−1ϵT+1⏞ ⏟⏟ ⏞
eT+k

+

+ CkϵT + Ck+1ϵT−1 + · · ·+ Ck+2ϵT−2⏞ ⏟⏟ ⏞
E(yT+k |FT)

;

(bear in mind that all elements of ϵt up to time T are contained in FT). Using
the representation above, computing V(eT+k) is boring but trivial (software is
very good at this):

V(eT+k) =
k−1

∑
i=0

CiΣC′
i ,

21Let me remind that we’re pretending we observe the “true” A.
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where of course C0 = I.
Confidence intervals are routinely computed using the expression above

under the normality assumption. So, for example, if you want to compute a
95% confidence interval for k-period ahead forecast for variable 1, you take the
(1,1) element of V(eT+k), compute its square root, multiply the result by 1.96
and use that number to build a band around the forecast. Of course, this is
justified if the white noise ϵt has a Gaussian distribution. Unfortunately, there
are no good reasons why this should be true in most cases, but alternative
approaches are quite complicated, or lead to inconveniently large confidence
intervals, so raising this point is considered as somehow discourteous.

5.A.3 Orthogonal matrices

Linear algebra is full of amazing objects, and orthogonal matrices are one of
them. A square n × n matrix Q is said to be orthogonal if

QQ′ = Q′Q = I

or, equivalently, if Q′ = Q−1, its transpose is also its inverse. They are com-
monly referred to as “rotation matrices”, because premultiplying a vector by
Q leaves its length unchanged: if y = Qx, then y′y = x′Q′Qx = x′x (more on
this later).

If n = 1, Q is a real scalar, and can only be 1 or −1.22 If n = 2, instead,
there are infinitely many orthogonal matrices, which belong to one of two
categories:

Q1 =

[︃
c s

−s c

]︃
Q2 =

[︃
c s
s −c

]︃
where c = cos(ω), s = sin(ω) and ω is an arbitrary real. Therefore, there are
infinitely many 2 × 2 orthogonal matrices. The “rotation” idea can be verified
by checking that, for example, if ω = π/4, the position on the plane of the
vector

y = Q1x

is equal to the position of x, rotated counterclockwise by 45◦.
This concept can be generalised to larger matrices, so for example a 3 × 3

orthogonal matrix can be thought of as performing a rotation on a sphere, and
so on.

22Yes, I could consider complex matrices too, but not here, ok?
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Chapter 6

Cointegration

6.1 Definitions

In this chapter, we will frequently consider linear combinations of univariate
processes. More specifically, we will discuss the integration properties of pro-
cesses that can be written as

zt = β′yt,

where yt is a multivariate stochastic process and β is a matrix of constants.
It should be intuitively clear that the linear combination of two or more

stationary processes is also stationary. This can be easily proven, but for our
purposes, intuition will suffice. Furthermore, a linear combination, such as a
sum, of an I(1) process and an I(0) process is also an I(1) process (this follows
quite easily from the BN representation of the I(1) process). Following this
line of reasoning, one might be tempted to conclude that a linear combination
of two I(1) processes should be I(1) too. In fact, this may not always be the
case. Let us consider the following example:{︃

x1t = x1t−1 + ϵt
x2t = x1t + ut,

where ϵt and ut are two generic I(0) processes.
Evidently, x1t is I(1); it is also evident that x2t is also I(1), as it is the

sum of an I(1) process and an I(0) process. Let us, however, consider their
difference between x1t and x2t, namely: zt = x2t − x1t. From the definitions
given above, it is obvious that zt = ut, which is I(0) by assumption. Therefore,
you have a linear combination of I(1) processes that is stationary.

We can now state a more general principle regarding linear combinations
of processes: if xt is I(d) and yt is I(b), then zt = xt + λyt is I(c), where{︃

c = max(d,b) if d ̸= b
c ≤ max(d,b) if d = b.

When c < max(d,b) (that is, when the inequality holds strictly), cointegration
occurs. As most literature does, I will focus on the case where a linear com-
bination of I(1) processes yields an I(0) process. Let us therefore assume we

117
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have an n-dimensional multivariate I(1) process, which we denote as yt; this
is equivalent to saying that each of the n processes contained in the vector yt
is, individually, I(1).

Cointegration is when there exists at least one vector β such that the com-
bination zt = β′yt is I(0); if so, β is termed a cointegrating vector. As we shall
see in the next section, there may be more than one such vector: if these vec-
tors are collected into a matrix, the latter is called the cointegrating matrix;
the number of linearly independent cointegrating vectors (that is, the rank of
the cointegrating matrix) is termed the cointegration rank. In the previous
example, y′t = [x1,t, x2,t] and β′ = [−1,1]; it can be proven that there are no
other linearly independent cointegration vectors, so the cointegration rank is
1, and therefore β also coincides with the cointegrating matrix. A multivariate
I(1) process for which there is at least one cointegrating vector is also known
as a cointegrated system.

6.2 Properties of cointegration vectors

Even at this preliminary stage, a couple of interesting insights cointegrating
vectors are possible: first, for an n × 1 dimensional I(1) vector yt, the cointeg-
ration rank can be at most equal to n − 1: if n linearly independent cointegrat-
ing vectors existed, they would form a non-singular cointegrating matrix B: in
this case, we would have Byt = zt. However, if B is invertible, then yt = B−1zt
must also hold, which is evidently absurd, given that on the left-hand side
of the equals sign we have a quantity that is I(1) (by definition), and on the
right-hand side a quantity that is I(0), as it is a linear combination of I(0)
processes.

The second remark is that, given one or more cointegrating vectors, any
linear combination of them is likewise a cointegrating vector: if β is a cointeg-
rating matrix with r rows and n columns, then

β′yt = zt,

where zt ∼ I(0); now take a linear combination of the rows of β′, defined as
γ′ = Kβ′, where K is any matrix with r columns, and define a process wt as

wt = γ′yt = Kzt.

Since wt is a linear combination of I(0) processes, it is also an I(0) process, so
that γ′ is itself a cointegrating vector (or matrix). To put it more formally, the
cointegrating matrix is defined only up to an invertible linear transformation.
As we shall see, this has significant implications for estimation and testing.

The algebraic properties of cointegration vectors are nice and cool, but
their usefulness in terms of economic interpretation is even more interesting.
Consider what happens to two cointegrated I(1) variables: being DS pro-
cesses, they will possess all the characteristics discussed in section 4.2, such
as the absence of mean-reversion and so forth. However, there exists a unique
(and, in this specific example, the only) linear combination of them that is
stationary. That is to say, this very specific combination fluctuates around a
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well-defined mean, possesses only short-term rather than long-term memory,
and shows no trending tendency.

This behaviour can be rephrased in terms of a concept that we economists
like to use a lot: equilibrium. The original variables may drift freely, yet a rela-
tionship exists between them that (perhaps approximately) always holds and
can be thought of as an equilibrium relationship. If we choose to think of
I(1) variables as perpetual wanderers, the more romantically inclined among
us might view two cointegrated variables as a pair of perpetual wanderers.
Cointegration binds their fate forever: they will wander through eternity, al-
ways close to one another1.

Example 6.2.1 (The quantity theory of money) Let’s begin from an old-fashioned
example, close to the heart of vintage right-wing economists. The quantity theory of
money, in its most basic form, states that a stable proportion exists between money
supply and GDP: this ratio is termed the “velocity of money”. In formulas:

MV = PY.

Alternatively, it can be stated that the velocity of money is given by the ratio of GDP
to the real money supply:

V =
Y

M/P
.

In logarithms, we obtain:
v = y − m,

where y is the logarithm of GDP and m is the logarithm of the real money supply.
A quantity theory extremist would argue that v is a fixed quantity. A less extreme
proponent might suggest that v is a quantity which, when observed over time, exhibits
more or less persistent fluctuations around a central value: the time series of vt there-
fore should resemble the realisation of an I(0) process. If yt and mt can be represented
as I(1) processes, supporting the quantity theory of money is roughly equivalent to
saying that the two processes yt and mt cointegrate, and that the cointegrating vector
is (1,−1).

Example 6.2.2 (Purchasing Power Parity) Consider two countries, A and B and
denote the price levels in the two countries at time t as PA

t and PB
t . If PA

t rises while
PB

t remains unchanged, the goods produced in country B clearly become more com-
petitive than those produced in country A. To cut a long story short (if you want the
full explanation, you can study it in International Economics), this triggers a chain
of consequences by which the currency of country A should depreciate progressively
against that of country B, and hence the exchange rate Et should also tend to rise over
time.

If Purchasing Power Parity (also known as PPP) holds between these two econom-
ies, the exchange rate between the currencies of countries A and B will move over time
in such a way as to offset the differences in inflation rates between the two nations.
We could therefore conjecture that the quantity

PB
t Et

PA
t

1A commendable article published in The American Statistician suggests the analogy of a drunk
and her dog, which Quentin Tarantino fans may find not as corny.
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should remain more or less constant over time. As in the previous example, supporting
this hypothesis is equivalent to asserting that, if the series are I(1), the relationship

pB
t + et − pA

t

(where, once again, lowercase letters indicate logarithms) is a cointegrating relation-
ship.

The examples above should are meant to illustrate that cointegration is a
statistical concept with a very natural link to the economic theory, because
it makes it describes long-run equilibrium relationships among two or more
variables: if a cointegrating relationship exists, the equilibrium relationship
may never hold exactly, but any deviations will nonetheless be limited and
temporary.

More explicitly: suppose you have two cointegrated processes yt and xt,
with cointegration vector equal to [1,−β]. Cointegration implies that

zt = yt − βxt

is stationary (suppose for simplicity that E(zt) = 0). You can rewrite the equa-
tion above as

yt = βxt + zt

and read it as: “in equilibrium, the proportion between yt and xt should be
β; this may not be true at a particular time t, so we call zt the deviation from
equilibrium at time t, which is zero on average”.

The parameters defining the cointegration relationship can sometimes be
dictated a priori by economic theory, as in the examples above; however, there
may be cases when economic theory does not dictate precise numerical values
for the parameters appearing in the equilibrium relationship, and indicates
their sign at most. Hence, at the end of the 20th century an enormous effort
was made to find a way to estimate cointegrating relationships, rather than
merely postulating them. After all we’ve been saying on unit root tests and
spurious regression, one should expect that estimating cointegrating vectors
is far from trivial, and that is indeed the case. To understand how to proceed,
it will be useful to turn our attention to the representation of cointegrated
systems before moving on to statistical inference.

6.3 Error-correction models

Let us start with the simplest case, where the system admits a VAR(1) repres-
entation. We therefore consider an n-dimensional process yt of the form

yt = Ayt−1 + ϵt. (6.1)

Subtracting yt−1 from both sides yields

∆yt = Πyt−1 + ϵt, (6.2)

where Π = A − I. Note that the equation above is just a multivariate version
of equation (4.7), that I used to illustrate the DF test. If yt is a scalar process, Π
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can only be either zero, or non-zero. If yt is a vector, you get an intermediate
case, which is precisely the one of interest, depending on the rank of the
matrix Π. If we denote this rank as r, we have three possibilities:

r = 0: in this case, Π = 0, so yt is a multivariate random walk, and
there’s no cointegration;

r = n: yt is I(0), since Π is invertible (see section 6.2);
0 < r < n: yt is a cointegrated system.

The analysis of this final case is the object of this chapter: as we shall see,
r is the cointegration rank; furthermore, Π can be written as αβ′, where α and
β are two n × r matrices; in particular, β is the cointegrating matrix. By using
Π = αβ′, equation (6.2) can be rewritten as

∆yt = αzt−1 + ϵt, (6.3)

where zt = β′yt is an r × 1 vector. Note that ∆yt is I(0) and ϵt is white noise,
so zt must be I(0) too, the matrix β being the cointegrating matrix.

Can we attach a meaning to the variables zt? As we saw earlier, they can
be seen as the deviations from the cointegrating relationships. Put this way,
equation (6.3) states something almost trivial: the movement of a cointegrated
system is determined by two factors. One (ϵt) is random and, in the specific
case of our example, is a white noise process; the other (αzt−1) is determ-
ined by the magnitude — lagged by one period — of the deviation from the
cointegrating relationship, which can be interpreted as the level of the dis-
equilibrium at time t − 1. The matrix α is called the loading matrix, as its ij-th
element indicates the effect of the j-th element of zt−1 on the i-th variable.

Example 6.3.1 Let us go back to example 6.2.1. Suppose that, at a given time t, there
is more money in the economy than predicted by the equilibrium relationship. In other
words, the velocity of money is below its mean value. Consequently, the change in
GDP and real money supply (in logarithms) between t and t + 1 will be given by the
sum of two components, which can be summarised as{︃

∆yt+1 = α1(yt − mt) + ϵ1t
∆mt+1 = α2(yt − mt) + ϵ2t.

Recall that (mt − yt) can be interpreted as the logarithm of the money velocity; a
lower-than-normal value triggers an adjustment, in the next period, of both real in-
come and the real money supply. If, for instance, α2 were positive, it would imply
that in the presence of excess money, ∆mt must be negative, meaning that mt must
fall. This could occur, for example, through a rise in prices. According to hard-core
monetarists from the 1970s, this is all you need to explain inflation.

As you may already know, the mechanism I just described has a distinct
name, namely the Error Correction Mechanism, or more briefly ECM; a VAR
rewritten in ECM form is often also called a VECM (vector ECM). ECM mod-
els rightfully occupy a prominent position in modern econometrics, precisely
because they provide a contact point between time series analysis and eco-
nomic theory, between short- and long-run. If a the rank of a cointegrated
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system is r, then there exist r long-run equilibrium relationships, and there-
fore r stationary processes describing the evolution over time of the disequilib-
rium from these relationships. Whenever the disequilibrium (which we have
denoted as zt) is non-zero, a movement in the vector yt+1 will occur such that
the disequilibrium tends to be absorbed.

Figure 6.1: Stationary VAR(1): simulated time series
(a) Over time (b) Scatter path
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To understand this idea, the concept of an attractor is quite useful. In this
context, the idea can be conveyed by defining an attractor as a set of points
around which a dynamic system tends to hover. For example, let us consider
the following stationary VAR(1) process:

yt = 4 + 0.8yt−1 − 0.2xt−1 + ϵ1t

xt = 2 + 0.2yt−1 + 0.8xt−1 + ϵ2t.

With a minimum of algebra, it can be seen that the unconditional mean of the
vector [yt, xt] is [5,15].

Figure 6.1 displays a 200-observation simulation of this process, starting
from the point [0,0]. Panel (a) on the left is the customary time-series plot;
as can be seen, the two series first jump away form zero, and then oscillate
around the mean, which acts as an attractor. Indeed, starting from a “distant”
point, their immediate response is to go back towards the attractor, which
is precisely the pair of values [5,15]. This can be seen even more clearly in
panel (b), in which the values of the series are plotted on a plane, that is, as a
point for each observation with segments joining consecutive points in time.
Here, the path taken by the system over time is clearly visible: it starts from
the point [0,0], rapidly moves towards the attractor point, and then lingers
around it.

If, on the contrary, we perform the same exercise with a bivariate random
walk, things look quite different: in this case, there is no point towards which
the series tend, as the attractor is the entire plane. Indeed, if two drunks
start from the bar [0,0], they wander through town without aiming anywhere
(see Figure 6.2). I would point out that panel (b) of Figure 6.2 also provides an
intuitive idea of why the regression between yt and xt is, in this case, spurious:
the line that passes as close as possible through the middle of the points will,
in all probability, have a non-zero slope, despite there being no systematic link
between the two variables.
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Figure 6.2: Bivariate random walk: simulated time series
(a) Over time (b) Scatter path
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Let us now examine a cointegrated process. In this case, the data-generating
process is

yt = 0.5yt−1 + 0.5xt−1 + ϵ1t

xt = −0.2yt−1 + 1.2xt−1 + ϵ2t,

which can be written in VECM form as

∆yt = −0.5zt−1 + ϵ1t

∆xt = −0.2zt−1 + ϵ2t,

where β′ = [1,−1], and therefore zt = yt − xt.

Figure 6.3: Cointegrated process: simulated time series
(a) Over time (b) Scatter path
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Figure 6.3 shows the typical behaviour of two cointegrated series with a
cointegrating vector of [1,−1] (or, if you prefer, the ‘master and dog’ analogy).
Even more interesting, however, is what can be observed in the XY scatter
plot: in this case, the equilibrium relationship is yt = xt + zt; if zt was 0, that
would be a straight line with a 45◦ slope. Here, the attractor is precisely this
line. Note that the two series, taken separately, display the classic behaviour
of an I(1) process; however, the system never drifts away from the equilibrium
line. In other words, should a disequilibrium occur (zt ̸= 0), the system would
go back to the attractor on its own accord. In contrast to the stationary case,
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however, the attractor is not a single point but the infinite set of points along
the equilibrium line. Consequently, in the long run, it is impossible to know
exactly where the system will be, but we do know that it will be close to some
point on the attractor.2

A straightforward generalisation that we can make at this stage is that
an equation of the form (6.3), where the white noise process ϵt is replaced
by a generic I(0) process, can also be considered an ECM. The interpreta-
tion remains more or less the same. However, the ECMs most frequently
encountered in the applied literature are those where the short-run persist-
ence in the disturbance term is eliminated via an autoregressive process in the
following way:

∆yt = αzt−1 +
p

∑
i=1

Γi∆yt−i + ϵt. (6.4)

If zt were an observable series, parameter estimation could be straightfor-
wardly carried out using OLS, since all the series in equation (6.4) are station-
ary. Unfortunately, zt is often unobservable because β in unknown. We’ll take
care of estimating β in Section 6.5.

It is interesting to note that an equation such as (6.4) can be derived from
a VAR representation of yt using the BN decomposition (see section 4.3). As-
sume that A(L)yt = ϵt; then,

yt = B(L)yt−1 + ϵt,

where B(z) = I−A(z)
z . Applying the BN decomposition to B(L), we can write

yt = [B(1) + Γ(L)∆]yt−1 + ϵt.

Subtracting yt−1 from both sides yields

∆yt = [B(1)− I]yt−1 +
p−1

∑
i=1

Γi∆yt−i + ϵt.

From the definition, it is straightforward to verify that B(1) = I − A(1), so that

∆yt = −A(1)yt−1 +
p−1

∑
i=1

Γi∆yt−i + ϵt (6.5)

and note, once again, the similarity of this equation to (4.10). The presence of
cointegration is linked to the rank of the matrix A(1), which plays the same
role that Π played in equation (6.2).

6.4 The Granger Representation Theorem

As we have seen in the previous section, the presence of cointegration in a
multivariate stochastic process allows for the interpretation of some paramet-
ers (the cointegrating matrix) in an extremely insightful way. This interpret-
ation becomes immediate when the process is written in VECM form. In the

2More generally, it can be shown that in a cointegrated system with n variables and a cointeg-
ration rank r, the attractor is an (n − r)-dimensional hyperplane.
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previous section, we assumed that this was possible. In this section, we will
further clarify the nature of the link between cointegrated processes and ECM
models: this is what the Granger representation theorem3 is about. As we
shall see, the analysis of this theorem yields, as a by-product, a substantial
body of insights regarding cointegrated systems.

To explore the properties of a cointegrated system yt, at least two possib-
ilities come to mind: one stems from the possibility that the system could be
written as a VAR (possibly of infinite order),

A(L)yt = ϵt (6.6)

with its associated ECM representation; and another linked to the property
that, if yt is I(1), then ∆yt is I(0), and must therefore possess a Wold repres-
entation of the form

∆yt = C(L)ϵt. (6.7)

Are these two representations related? And, if so, how? The answer is pre-
cisely contained within the Granger representation theorem. To tell the truth,
this theorem is a sort of nine-headed hydra, as it lacks a single, well-defined
statement; rather, it refers generally to everything that can be said regarding
the representation of a cointegrated system. This makes it somewhat diffi-
cult to digest, yet it is immensely rewarding, as it demonstrates how various
aspects of a cointegrated system can be viewed from multiple perspectives.

It is not my ambition to improve upon what has already been excellently
achieved by minds far better than mine, so I will not offer a formal proof of
this theorem; instead, I shall merely confine myself to exploring its salient
points. Before doing so, however, a brief preamble is necessary.

6.4.1 Some matrix algebra

In the following, I will use a matrix operator that may not be familiar to
everyone, denoted by the symbol “⊥” and read as “orthogonal”. Thus, X⊥ is
read as “X orthogonal”.

If X is any l ×m matrix, with l > m and rank m, X⊥ is an l × (l −m) matrix
whose columns are linearly independent and orthogonal to those of X.4 In
other words, X′

⊥X = 0 by definition5, and there are no vectors orthogonal to
X that are not linear combinations of the columns of X⊥.

The “⊥” operator will serve us primarily for one purpose: if a matrix A
possesses the property

x′A = 0,

then it follows that every column of A must be orthogonal to x. However,
since any vector orthogonal to x is a linear combination of x⊥, then A must be
expressible as A = x⊥B, where B is “something else” that will vary depending
on the context.

3This is the same Granger of causality and spurious regression fame. In the motivation for the
Nobel Prize he was awarded in 2003, cointegration is explicitly mentioned.

4For algebra enthusiasts: the columns of X⊥ span a vector space known as the null space of
X. Consequently, X⊥ is not unique. However, this is of no importance.

5Note: X′
⊥X = 0 does not imply that XX′

⊥ = 0.
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Example 6.4.1 To gain an intuitive understanding, the reader is invited to verify the
properties of the ⊥ operator on the matrices

w =

⎡⎣ 1 1
0 1
1 0

⎤⎦
and

w′
⊥ =

[︁
1 −1 −1

]︁
.

Now consider the matrix

A =

⎡⎣ 2 −1
−2 1
−2 1

⎤⎦ ;

it can be easily verified that w′A = 0 (just multiply). This is enough to state that a
matrix B must exist such that A = w⊥B. For the record, this matrix is B = [2 − 1]
in the present case.

6.4.2 The theorem itself

Theorem 2 (The Granger Representation Theorem) Every cointegrated system
admits an ECM representation; conversely, if an ECM representation exists and the
series are integrated, then they are cointegrated.

The proof is rather complex, but I provide an outline in Section 6.A.1 to
help understand the key points. Also, in this subsection I’ll concentrate on the
special case of a process yt with no deterministics (E[∆yt] = 0), so as to focus
on the algebraic part of the theorem. General cases are in Section 6.4.3.

The core of the theorem is as follows: a cointegrated system can be ex-
pressed in two equivalent ways, corresponding to the autoregressive and mov-
ing average representations. The representation derived from the autoregress-
ive form is the VECM (see eq. (6.4)), reproduced here for your convenience:

∆yt = αβ′yt−1 +
p−1

∑
i=1

Γi∆yt−i + ϵt.

The representation derived from the moving average form is, in a way, an
adaptation to the cointegrated case of the Beveridge-Nelson decomposition,
which can be written as

yt = C(1)µt + C∗(L)ϵt,

where
C(1) = β⊥Hα′⊥ (6.8)

and µt is defined by the property ∆µt = ϵt. The key equation here is (6.8),
where H is an invertible matrix whose details are, for now, unimportant.6

6More on this, if you want, in Section 6.A.1.
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Naturally, since ϵt is a vector white noise process, µt is a vector random walk
by definition. Note that C(1) matrix has the property of vanishing if pre-
multiplied by β′, on account of to the properties of the ⊥ operator. In other
words, C(1) is singular, with rank (n − r).

Putting the two expression above together

yt =
[︁
β⊥Hα′⊥

]︁
µt + C∗(L)ϵt (6.9)

,
you get what is known as Stock and Watson representation, or the com-

mon trends representation, and now we shall see why. The series µt is, as
we previously argued, an n-dimensional random walk, and therefore a non-
cointegrated I(1) process. Let us now construct a series ηt as

ηt = α′⊥µt.

Evidently, ηt is an (n − r)-dimensional random walk, because the matrix α⊥
is an n × (n − r) matrix. It is therefore possible to rewrite (6.9) as follows

yt = Fηt + ut,

where F = β⊥H is an n × (n − r) matrix and ut = C∗(L)ϵt is, by assumption,
a stationary process.

Writing yt in this manner clearly shows that a cointegrated system can be
conceptualised as a system driven by a certain number (n − r) of unobserv-
able stochastic trends, which drive the observable series through the matrix
F. The time series we observe contain an I(1) component (given by linear
combinations of these stochastic trends) and an I(0) component (given by ut).
Cointegration exists precisely because n − r < n, so that the linear combina-
tion β′yt is a stationary process simply by virtue of the relationship β′F = 0.
In practice, by pre-multiplying yt by β′, we simply kill the common trends.

Example 6.4.2 Take the pair of cointegrated series plotted in Figure 6.3, where β =
(1,−1)′; consequently, we will find that zt = xt − yt is I(0). In this case, one possible
choice for β⊥ is β⊥ = (1,1)′; H is a scalar, so F = (H, H)′.

The two time series can therefore be written as the sum of an I(1) process, which
is identical for both, and a stationary component. In practice, the two time series fluc-
tuate around the same stochastic trend and never drift far apart precisely because both
tend to remain in the proximity of this common trend. It is clear that cointegration
arises from the fact that by taking the difference between the two series, the stochastic
trend cancels out, leaving only the fluctuations around it.

It is worth noting that this highly simplified case is ideally suited to being contex-
tualised within the example of the quantity theory of money introduced a few pages
earlier. In this scenario, both the money supply and income travel along a common
trend, which — with a little imagination — could be thought of as the long-run
growth path of the entire economy.
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6.4.3 Deterministic component

The situation becomes more complex when the process ∆yt has a non-zero
mean. Typically, we consider processes of the form

∆yt = dt + αβ′yt−1 +
p

∑
i=1

Γi∆yt−i + ϵt

that is, a vector ECM process to which a deterministic component is added,
which usually contains an intercept and a linear trend, namely dt = δ0 + δ1t.

In analogy with what was discussed in Section 4.2, one might think that if
dt is a polynomial of order p in time (that is, something of the form δ0 + δ1t +
· · ·+ δptp), then a polynomial of order p + 1 will, in general, be present in the
series in levels yt. In the case of cointegration, however, this is not necessarily
true. Let us see why by considering again, for simplicity, the case where the
series in levels can be represented as a VAR(1). If

yt = dt + Ayt−1 + ϵt

we can rewrite the model in ECM form by merging the deterministic compon-
ent with the disturbance term as follows:

∆yt = αβ′yt−1 + (ϵt + dt) .

If we define ut = ϵt + dt, we can replicate the entire previous reasoning using
ut instead of ϵt. In this case, we would have that

yt =
[︁
β⊥Hα′⊥

]︁
µ̃t + C∗(L)ut,

where ∆µ̃t = ut = ϵt + dt. The process µ̃t thus results from the sum of a mul-
tivariate random walk (nothing new so far) plus a deterministic component
whose first difference is a polynomial in time of order p, that is, a polynomial
of order p + 1.

Let us consider the special case where dt = δ0; the polynomial in t present
in µ̃t will be something of the form δ0t + k; in practice, a multivariate random
walk with a drift. Since in a cointegrated system the matrix α′⊥ has rank
(n − r), it may well be that α′⊥δ0 = 0.

If this is the case, premultiplying µ̃t kills the drift but not the random walk,
so α′⊥µ̃t will be a driftless random walk with dimension n − r.

In other words, if α′⊥δ0 = 0, then δ0 can be expressed as a linear combina-
tion of the columns of the matrix α, as in

α′⊥δ0 =⇒ δ0 = αd.

If the above holds, the component of order 1 of the polynomial contained in µ̃t
vanishes, and the linear trend present in µ̃t does not appear in yt. Moreover,
if δ0 = αd, then the VECM representation can be written as follows:

∆yt = α(d + β′yt−1) + ϵt

and therefore you can think of the long-run equilibrium relationship as con-
taining an intercept, given by the vector d.
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More generally, given a polynomial function of time like

dt = δ0 + δ1t + δ2t2 + . . . + δptp,

where the various δi are n-element vectors, it is not necessarily the case that
the polynomial α′⊥dt itself has degree p: it depends on whether α′⊥δp is zero or
not. As we now know, if α′⊥δp = 0, it means that δp is some linear combination
of the columns of α.

In practice, you get the famous “five cases”, usually ordered from the most
to the least restrictive:

Case Deterministics Description
1 dt = 0 There is no deterministic component at all.

The common trends are driftless random walk
processes and the zt have zero mean. The
data should show no evidence of deterministic
trends.

2 dt = δ0; α′⊥δ0 = 0 Here, things are more complex: the VECM rep-
resentation contains an intercept, which, how-
ever, does not give rise to a linear trend in the
common trends representation, because the lat-
ter do not have a drift. The data do not ex-
hibit deterministic trends, but fluctuate around
a non-zero value. The disequilibria zt have a
non-zero mean, so that one can think of an in-
tercept in the cointegration relationship.

3 dt = δ0; α′⊥δ0 ̸= 0 In this situation, the VECM intercept is unres-
tricted, and therefore, in principle, we have an
intercept both inside the cointegration relation-
ship (which does not generate a trend in the
observed time series) and outside it (giving rise
to a drift in the common trends representation,
and thus a trend in the observed series). In
practice, however, these two intercepts are usu-
ally combined, and the cointegration relation-
ship is presented without an intercept.

4 dt = δ0 + δ1t; α′⊥δ1 = 0 This case runs parallel to Case 2: the cointegra-
tion relationship has a linear trend, which, how-
ever, does not translate into a quadratic trend in
levels.

5 dt = δ0 + δ1t; α′⊥δ1 ̸= 0 Here, there are no restrictions of any kind, and
the time series exhibit a quadratic trend.

Case 2 is the one that usually remains most obscure: I will try to explain
how it works by means of an example.

Example 6.4.3 Suppose we have a process xt, which is a random walk with drift

xt = m + xt−1 + εt; (6.10)
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As is well known, xt is an I(1) process that fluctuates around a deterministic trend;
the latter has a slope of m. If m = 0, the deterministic trend disappears and we have a
pure random walk.

Now consider a second process:

yt = k + xt + ut, (6.11)

where ut is a white noise. Since ut is stationary by definition, xt and yt are cointeg-
rated because their difference zt = yt − xt is stationary, namely a white noise with a
mean of k.

By plugging equation (6.10) into (6.11), we represent the system as a VAR(1)[︃
yt
xt

]︃
=

[︃
k + m

m

]︃
+

[︃
0 1
0 1

]︃[︃
yt−1
xt−1

]︃
+

[︃
ut + εt

εt

]︃
, (6.12)

which can be transformed into VECM form by subtracting the vector [yt−1, xt−1]
′

from both sides:[︃
∆yt
∆xt

]︃
=

[︃
k + m

m

]︃
+

[︃
−1 1

0 0

]︃[︃
yt−1
xt−1

]︃
+

[︃
ut + εt

εt

]︃
, (6.13)

where the matrix
[︃

−1 1
0 0

]︃
is the one we referred to as Π in equation (6.2). The

matrix Π is singular (its rank is 1), which makes it possible to write it as αβ′:[︃
∆yt
∆xt

]︃
=

[︃
k + m

m

]︃
+

[︃
−1

0

]︃[︁
1 −1

]︁[︃ yt−1
xt−1

]︃
+

[︃
ut + εt

εt

]︃
=

= µ0 + αβ′
[︃

yt−1
xt−1

]︃
+ ηt = µ0 + αzt−1 + ηt.

Now consider the three possibilities:

1. m ̸= 0: As previously stated, xt has a trend. It follows (from (6.11)) that yt also
has one, because on average it remains at a distance of k from xt. The vector µ0
is not subject to any restrictions, and we are in Case 3.

2. m = 0 and k ̸= 0: Here, xt has no deterministic trend, and consequently, neither
does yt. However, the average distance between yt and xt is non-zero. The
vector µ0 is also non-zero:

µ0 =

[︃
k
0

]︃
,

so the VECM in (6.13) has an intercept. However, its second element is zero,
which makes µ0 is a multiple of the vector α. We can therefore rewrite the
VECM as follows:

[︃
∆yt
∆xt

]︃
=

[︃
−1

0

]︃[︁
1 −1 −k

]︁⎡⎣ yt−1
xt−1

1

⎤⎦+

[︃
ut + εt

εt

]︃
,

namely, by incorporating the intercept into the cointegration vector. This is
Case 2 (the one with a “restricted constant”).
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3. m = 0 and k = 0: This is Case 1, the most restrictive one. xt and yt have no
trend, and the distance between them is, on average, 0. The VECM has no
intercept.

When building an empirical model, the choice among these different possibilities is
based both on the observation of the time series and on some kind of a priori reasoning.
If the two series share a clear trending behaviour, then imposing restrictions on the
intercept is inappropriate. Otherwise, one might wonder whether it makes sense to
include an intercept in the cointegration relationship. The textbook case arises when
we examine two interest rates: normally, these do not have a trend,7 but the VAR may
well have an intercept, because their difference (the “spread”) can have a non-zero
mean (for instance, due to a risk or liquidity premium).

This may seem like an algebraic quirk without any practical relevance; in
reality, these complications become important for estimation, as we shall see
in the next section.

6.5 Estimation techniques

For estimating the parameters of a cointegrated system, there are three main
cases to consider:

1. The cointegration matrix is known, and consequently so is its rank: this
may be, for instance, the case where one starts from a working hypo-
thesis that assumes a priori the validity of the purchasing power parity
theory.

2. The cointegration rank is known, but the cointegration matrix is not.
This case may arise, for example, if we believe that oil price and fuel
price form a cointegrated system; we assume that thy move together,
but we do not what the pass-through rate is.

3. Neither the rank nor the cointegration matrix are known a priori.

The last case is of course the most general one: even if you have some prior
ideas on how things work, it can be scientifically interesting to check whether
they hold empirically. The standard way of dealing with it is by using an
approach devised by Søren Johansen, that I’ll illustrate in the next subsection.

7And rightly so (remember the discussion on the Babylonians I introduced regarding unit root
tests in subsection 4.4.7?). However, you should be aware that in certain contexts it makes perfect
sense to describe the movement in interest rates as something superimposed on a linear trend.
Take for example the yields on US Treasury Bills between 1980 and 2010: the trend is rather clear,
and it’s due to exogenous macroeconomic factors (declining inflation, the 2007 financial crisis,
etc.). If we do not wish to model the underlying macroeconomic framework, we can simply
include a trend and be done with it. Nevertheless, with longer samples, this issue does not
usually arise.
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6.5.1 The Johansen method

A full account of the Johansen procedure would be rather complex,8 so I shall
provide a very cursory description; now more than ever, I refer the reader to
the literature.

In this procedure, it is assumed that the cointegrated system can be rep-
resented as a finite-order VAR with Gaussian errors. The starting point is to
reparameterise the system in ECM form

∆yt = dt + Πyt−1 +
p

∑
i=1

Γi∆yt−i + ϵt; (6.14)

implicitly, we assume that the order of the VAR (p) is known. However, find-
ing the a suitable VAR order does not imply any particular problems, because
standard methods can be used (most commonly, information criteria).

Under these premises, the estimation problem can be set up within a max-
imum likelihood framework. Normally, the maximum likelihood estimator
of the parameters of a linear regression model with Gaussian errors is none
other than OLS. In this case, however, it is also necessary to take into account
the constraints associated with the presence of cointegration: in fact, the rank
of the matrix Π is equal to the cointegration rank r, so we want the estimation
method to guarantee an estimate of Π with reduced rank (which OLS does
not produce).

To get an initial estimate of Π, the Johansen method uses the so called
“Frisch-Waugh” theorem (described in Section 6.A.2 for those needing help).
This gives you Π̂, an initial consistent estimate of Π. You now need a way to
recover α and β from Π̂.

The problem is that, under cointegration, Π has rank r, whereas Π̂ has
full rank n with probability one. Therefore, we need a way to establish r,
the cointegration rank, from the data, so that we can devise with a modified
estimator Π̂ whose rank is guaranteed to be equal to r.

Determining the cointegration rank

The determination of the rank of Π hinges on the matrix algebra fact that for
a positive semi-definite matrix the number of positive eigenvalues is equal to
its rank, and the others are zero. In the Johansen procedure, two tests are
defined on this basis.

These tests work as follows: first, a matrix M is defined (the details of
which I shall omit) which by construction is positive semi-definite and has the
same rank as Π. The advantage of working with M rather than Π is that the
semi-definiteness of M ensures that all its eigenvalues are non-negative real
numbers.

Given Π̂, a consistent estimate M̂ of this matrix is available, with the con-
sequence that the eigenvalues of M̂ (call them λ̂) are consistent estimators of

8Conversely, estimating a cointegrated system via the Johansen method is actually rather
simple, since that the Johansen method is available in all econometric software packages.
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the n eigenvalues of M. These are sorted from the largest λ̂1 to the smallest
λ̂n, and then a test is set up to determine whether the smallest one is zero.

This test for H0 : λn = 0 has, asymptotically, a non-standard distribution:
fortunately, however, its details were worked out by Johansen first and then
refined by subsequent literature, so performing the test is easy.

If the null is rejected, stop: if λn is positive, then all of them are positive,
so Π has full rank and the system is stationary. Otherwise, one proceeds to
consider λn−1. Here, you have two possibilities:

1. perform a test for H0 : λn−1 = 0, taking it for granted that r < n and thus
testing the hypothesis r < n − 1; this is the so-called λ-max test;

2. alternatively, perform a test for H0 : λn = λn−1 = 0, that is, a joint test that
the two smallest eigenvalues are both zero, where r < n is not assumed;
this is the so-called trace test.

Again, if H0 is rejected, you stop. Otherwise, you proceed with λ̂n−2, and
so on. By stopping at the first rejection, you obtain an estimate of r. If, on
the other hand, the null is never rejected, it means that r = 0 and there is no
cointegration.

Note that the univariate equivalent to equation (6.14) is exactly the one
used for the Augmented Dickey–Fuller test,

∆yt = dt + ρyt−1 +
p

∑
i=1

γi∆yt−i + ϵt;

so the Johansen test can be seen as the multivariate generalisation of the ADF
test. The only difference is that, in the ADF test, the coefficient ρ is a scalar and
therefore is either 0 or invertible; in the case of cointegrated systems, however
Π may be singular without being zero.

The extreme cases are of interest: failing to reject H0 : λ1 = 0 means that
in fact Π = 0, so there is no cointegration and a system is an ordinary I(1)
process. On the other hand, rejecting H0 : λn = 0, means that Π is invert-
ible, and therefore the system is not even I(1), but rather stationary. This is
what I meant in the statement I made a few pages ago (namely at the end of
subsection 4.4.7), that the Johansen tests can replace in some cases univariate
unit-root tests.

Given the parallelism between the Johansen tests and ADF, it is not surpris-
ing that they have non-standard asymptotic distributions. Furthermore, just
as occurs in the ADF test, these limiting distributions are not invariant to the
deterministic component of the VAR. This may make matters quite intricate,
in the light of the remarks made in section 6.4.3.

This is because one must decide the most appropriate degree of the poly-
nomial in t to include in the deterministic component: the usual choice, in
univariate unit-root tests, is between a constant or a constant plus trend. How-
ever, as we saw in the previous section, it cannot be ruled out that some of
the parameter vectors of the deterministic component may disappear once
multiplied by α⊥: this leads to the five different possibilities that I mentioned
earlier, for each of which there is a different asymptotic distribution.
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Estimation of cointegration vectors

Once the cointegration rank that offers a statistically sustainable description
of the data has been found, and a decision on r has been made, β can be
estimated.

The main complication arising here is that — as I pointed out in section
6.2 — the matrix β is not identified: if β is a cointegration matrix, so is b = βK,
where K is any non-singular (r × r) matrix. Consequently, there exists an
infinite number of n × r matrices that are observationally equivalent. This
argument can also be viewed more explicitly: assume that we know the “true”
matrix Π. Now, this matrix can be represented both as

Π = αβ′

and as
Π = αK−1Kβ′ = ab′

and the two representations are completely equivalent. There is no way of
using the data to decide which one to use: the classic under-identification
problem.

Using some linear algebra concepts, the under-
identification problem can also be viewed
from a geometric perspective: indeed, it
can be shown that the cointegration vectors

(the columns of β) form a basis for the r-
dimensional hyperspace that is orthogonal to
that of the attractor. As is well known, the
choice of a basis is arbitrary.

The classic way out from under-identification is by setting appropriate re-
strictions so as to reduce the number of admissible representation to one. This
is a very general point in econometrics, but the reader may recall we discussed
some problem at some length in Section 5.6.

It can be shown that the minimum number of restrictions required to
identify the parameters is equal to r2. In the procedure originally proposed by
Johansen, identification is achieved by stipulating some constraints on a cer-
tain quadratic form in β, that makes perfect sense algebraically, but lacks any
meaningful economic interpretation. An alternative approach to identification
gives rise to the so-called Phillips representation (after P. C. B. Phillips), were
it is assumed that the first r rows of β form an identity matrix. Therefore, we
can write

β̃ =

[︃
I

−β̃2

]︃
(6.15)

where β̃2 is, instead, unrestricted.9

In general, ML estimation may require iterative algorithms, but fortunately
in this case they are not required: the matrix β can be easily recovered from
the eigenvectors of the matrix M̂ that I mentioned in relation to the trace and
λ-max tests, associated to the r largest eigenvalues. From the standpoint of
asymptotic theory, the estimator of β has several unusual characteristics: the
most remarkable is what is known as super-consistency.

9Nothing prevents further restrictions from being imposed on β̃2, of course. In this case,
however, the mechanics of estimation are more complex. More on this later.
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Allow me a brief review of asymptotic theory: the distribution of a consist-
ent estimator collapses to a single point as T → ∞, which is briefly expressed

by θ̂
p−→ θ0. Thus, (θ̂ − θ0)

p−→ 0. In standard cases, multiplying this quantity
by

√
T yields something that neither collapses nor diverges, but stabilises into

a limiting distribution, most often Gaussian (which is what we call asymptotic
normality). And in fact, in the world of stationarity,

√
T(θ̂ − θ0) becomes, as

T increases, a random variable that is increasingly similar to a normal distri-
bution with zero mean.

In the case we consider here, on the contrary, the difference (β̂ − β) must
be multiplied by T instead of

√
T to obtain a limiting distribution. In practice,

the speed at which β̂ collapses towards β is much greater; in other words, the
dispersion of the estimator is proportional to T−1 rather than T−1/2. This
property, however, does not imply that in finite samples this estimator is
vewry precise: its bias has been found to be rather severe in some cases,
and with the sample sizes usually available, a faster convergence rate is only
cold comfort.

Once the estimate of β is obtained, it can be used for computing the “dis-
equilibrium” series zt and plug it into the VECM equation (6.4). Believe it or
not, the ML estimates of all the remaining parameters are obtained by simply
using OLS. The entire bundle of resulting estimators is consistent (at the rate√

T), asymptotically efficient, and allows, in many cases, for hypothesis test-
ing via the the standard χ2 distribution.

Bear in mind that software packages usually take care of the whole pro-
cedure automatically, so that once

1. the VAR order,

2. the deterministic component,

3. the cointegration rank

have been decided on, the estimates all come out in one go. That said, doing
everything “by hand” is in my opinion rather instructive.

Testing restrictions on the cointegration matrices

Sometimes, one may want to estimate the cointegration matrix by imposing
more restrictions greater than those strictly necessary to achieve identification.
Naturally, this leads to having a restricted and an unrestricted estimate, so that
the two can be compared on the basis of an appropriate test statistic.

There are many hypotheses that can be tested, but the ones most com-
monly of interest are setting elements of β to fixed values, often 0 or ±1.
Using again example 6.2.1, suppose that unrestricted estimation of a bivariate
VAR containing log GDP (yt) and log money supply (mt) yielded the following
estimate of the cointegration vector:10

β̂′ = [1,−0.3]′

10For the sake of the example, let’s that we’re actually certain that the cointegration rank is
equal to 1.
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This result would imply a long-run equilibrium relationship like

yt = 0.3mt + zt,

which is not the one predicted by economic theory. Of course, one could argue
that 0.3 is just an estimate: what theory predicts is that the true value of β is

β̂′ = [1,−1]′.

Of course, hypotheses of this kind can be tested via a likelihood-ratio test.
Finding the maximum of the constrained log-likelihood may be more difficult
in some cases, because the solution may involve more elaborate procedures
than simply computing eigenvectors, but modern algorithm are quite good at
this, so the usual LR machine can be employed.

In the light of all the possible inferential complications one may encounter
with unit root processes, the fact that these tests have a placid χ2 asymptotic
distribution should come as a relief.

Finally, I’ll just mention the possibility of running tests known, in this lit-
erature, as exogeneity tests. These amount to setting to 0 entire rows of the
matrix α, so that the corresponding variables are not affected by the disequilib-
ria terms zt. These tests are also χ2 distributed, and I’ll leave more a extensive
description to the literature, as usual.

A simple thumb rule is: hypothesis tests that
involve β may have non-standard distributions,
but if you’re testing hypotheses on other para-
meters, you should be OK with standard infer-
ence methods.

A notable consequence of this state of affairs is
that testing for Granger-causality (which do in-
volve β) tests in cointegrated systems is a non-
trivial matter, and it took a few years before
satisfactory solutions were found.

6.6 Alternative approaches

If the matrix β were known, there would be no special inferential problems:
all the time series appearing in a model of the form

∆yt = dt + αzt−1 +
p

∑
i=1

Γi∆yt−i + ϵt (6.16)

are stationary, so OLS can be used with no strings attached as an estimator
with all the standard desirable properties.

In practice, β is often unknown, and therefore the time series zt is unob-
servable. However, we can consider obtaining an estimate of the cointegration
matrix and using it as if it were the true value of β. This is exactly what we do
in the Johansen procedure, where β is estimated super-consistently by max-
imum likelihood. The fact that β̂ in the Johansen procedure converges at rate
T, rather than

√
T, is very important, because the asymptotic distributions for

the estimators of all remaining parameters are the same you would get as if
the true β was known.
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There are, however, alternative ways to estimate β, which can sometimes
be convenient. Since we are moving within the field of non-stationarity, one
might conjecture that this is a complicated business. For once, however, the
inferential peculiarities of I(1) processes come to our rescue. Indeed, it can
be shown that the matrix β̃2 can be estimated using that very same static
regression that we criticised so heavily when discussing spurious regression.

Let us consider equation (6.15). Naturally, β̃ is a cointegration matrix, and
therefore β̃′yt is stationary. This implies that we can write

β̃′yt = y1t − β̃′
2y2t = zt

and therefore
y1t = β̃′

2y2t + zt,

where y1t contains the first r elements of yt and y2t contains the remaining n−
r ones; as usual, zt is some I(0) process. It can be shown that OLS regression
of y1t on y2t yields, too, a super-consistent estimator of β̃2.

Furthermore, its consistency is not jeopardised — as in the stationary case
— by a potential ’simultaneous equations’ effect. Finally, it should be noted
that the distribution of this estimator is not asymptotically normal, meaning
that hypothesis testing cannot be performed on the elements of the cointegra-
tion matrix estimated in this manner; this is not a problem, however, as long
as a point estimate is what we need.

At this point, the reader feel a little trouble: in
Section 4.5, I suggested that running OLS on in-
tegrated variables can produce rubbish? Why
does it work now?
A precise answer requires a significant deploy-
ment of asymptotic theory. The informal style
of these lecture notes, however, allows me to
provide a heuristic argument that will, hope-
fully, convince most readers: consider the case
where yt and xt are cointegrated, and therefore
zt = yt − βxt is I(0). Now consider the function

S(θ) =
1
T

T

∑
t=1

(yt − θxt)
2.

Evaluating this function at θ = β yields a stat-
istic that converges in probability to a finite

number (the variance of zt). Conversely, choos-
ing any other θ ̸= β, the difference (yt − θxt)
becomes I(1), with the consequence that the
second moment does not exist and the statistic
diverges. Since the purpose of OLS is to choose
θ such that S(θ) is as small as possible, it is
clear that OLS will tend to choose a value of θ
close to β.
This reasoning can also be exemplified graph-
ically: compare panel (b) of figures 6.2 (p. 123)
and 6.3 (p. 123). Given that the OLS statistic
inherently tends to “go through the points”, it
is visually apparent that while in the first case
something dubious is occurring, in the second
case it is perfectly reasonable that OLS tends
to reproduce what we now know to be the at-
tractor.

These considerations suggest that β can first be estimated via regression in
levels, and then the short-run dynamics can be modelled by replacing zt−1 in
equation (6.16) with the residuals (lagged by one period) from the regression
in levels. It can be shown that using β̂ instead of the true cointegration vector
β makes no difference (asymptotically speaking). If one then wishes to check
that the ẑt are indeed I(0), an ADF test can be used. Beware, however, that
in this case the tables of critical values are slightly different from those for the
standard ADF test; fortunately, these have also been computed by means of
simulations.
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This approach, known as the Engle-Granger approach, is extremely simple
and does not require computing resources other than those for OLS regres-
sion. Essentially, two problems arise:

1. the estimators of the parameters β are not efficient;

2. it is not always possible to perform standard hypothesis tests on the
coefficients estimated in this manner, as distributions other than χ2 may
emerge.

Problems of this nature can be overcome by using the Johansen procedure or
alternative procedures; these, in essence, introduce some corrections to the
first stage of the Engle-Granger procedure. In practice, modified regressions
are used to estimate the cointegration vector (or vectors) such that the estim-
ator is efficient and hypothesis tests can be conducted on the elements of β
using standard distributions.

The most ingenious ideas, among the ones in common usage are the so-
called Fully Modified OLS estimator (or FM-OLS for brevity) by Phillips and
Hansen, and the Dynamic OLS (or DOLS), invented independently by Pentti
Saikkonen and by the Stock & Watson duo. For the usual reasons of brevity,
however, I do not illustrate them here and instead provide the customary
reference to the literature.

6.7 An example

Let us consider an example: Figure 6.4 depicts the monthly spot price of
gasoline (gt), Diesel (dt) and crude oil (wt, West Texas Intermediate, or WTI
for short). Data go from January 2007 to February 2022. Of course, economic
theory suggests that the three series should “go together”; more precisely,
one would expect that the long-run relationships between the variables in
logs should look like

gt = β0 + β1wt

dt = γ0 + γ1wt,

where β1 and γ1 are the two elasticities of the two types of fuel to oil. These
two numbers should be positive, perhaps equal to 1, but not necessarily. If the
series are I(1), there should be a fair chance that they cointegrate. Therefore,
we would expect a cointegration rank equal to 2. In terms of the Stock-Watson
representation, we would say that the system has one common I(1) trend
(n − r = 3 − 2 = 1), driving the whole system. Again, this fully agrees with
economic intuition. The intercepts β0 and γ0 may be non-zero because the
units are different (US$ per gallon for gt and dt, US$ per barrel for wt).

Even a cursory glance reveals that all series look very persistent, and have
indeed very similar paths. Moreover, the two scatterplots of gt and dt versus
wt (Figure 6.5) is very suggestive: the point align along a line, that looks very
much like the attractor in Figure 6.3. The two least-squares lines (that should
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140 CHAPTER 6. COINTEGRATION

give you a super-consistent estimate of the two elasticities) display values fully
consistent with what would have expected (both slightly below 1).

An additional remark worth doing here is that the three series show no
appreciable trend. Therefore, the best candidate for representing is a VECM
with a restricted intercept (case 2 in the taxonomy illustrated in Section 6.5.1):

∆yt = αzt−1 +
p

∑
i=1

Γi∆yt−i + ϵt

where we can find p via the usual information criteria on the VAR in levels
and

zt−1 =

[︃
z1,t−1
z2,t−1

]︃
= β′yt−1 =

[︃
1 0 −β1 −β0
0 1 −γ1 −γ0

]︃⎡⎢⎢⎣
gt−1
dt−1
wt−1

1

⎤⎥⎥⎦ (6.17)

After choosing p = 3 (I’ll omit the details as to why), one finds that the rank
tests give the following table:

Rank Eigenvalue Trace p-value λ-max p-value
0 0.2026 61.021 0.0000 41.198 0.0000
1 0.0649 19.824 0.0559 12.221 0.1788
2 0.0409 7.603 0.0999 7.603 0.0998

With the proviso that I’ll focus on the trace test (the λ-max test is much more
seldom used), here’s how you read it: you start from the bottom and ask
yourself: is the smallest eigenvalue equal to 0? If this hypothesis was rejected,
the rank of Π would be 3 and, as we know, that would imply that there’s
no cointegration because the series are in fact I(0). However, the smallest
eigenvalue is 0.0409, which translates into a p-value for the trace test if 9.99%,
so H0 : λ2 = 0 cannot be rejected. OK. We have at least one unit root here, and
the rank of Π is at most 2.

Next, we proceed further up. For the joint hypothesis H0 : λ1 = λ2 = 0 we
have a p-value of 5.59%. A blind follower of the p-value religion would now
say “OK, the rank is at most 1, let’s go ahead”. I object. Economic theory and
statistical common sense suggest that we’re close enough to the 5% threshold
to label what happens here as one of the cases when the test lacks power and
the hypothesis is in fact false, even though the p-value is (marginally) above
the usual threshold. Therefore, I decide that r = 2.

On the basis of this (rather dictatorial) decision, let’s have a look at the two
eigenvectors:

β̃ =

⎡⎢⎢⎣
−11.713 10.531

14.781 2.3074
−4.6740 −12.257

16.709 42.618

⎤⎥⎥⎦
these two columns are cointegration vectors, but are very hard to interpret.



6.A. ASSORTED RESULTS 141

However, we can use the Phillips normalisation to yield

β̂ =

⎡⎢⎢⎣
−11.713 10.531

14.781 2.3074
−4.6740 −12.257

16.709 42.618

⎤⎥⎥⎦[︃ −11.713 10.531
14.781 2.3074

]︃−1

=

⎡⎢⎢⎣
1 0
0 1

−0.93266 −1.0553
3.2372 3.6957

⎤⎥⎥⎦
which is exactly in the same format as equation (6.17), so for example our
estimate of the long-run elasticity of gasoline to oil would be 0.93266.

Since both elasticities have the “right” sign and reasonable magnitude
(they are both close to 1), the idea of testing if they’re both equal to one is
rather tempting. The constrained estimate of β turns out to be

β̃ =

⎡⎢⎢⎣
1 0
0 1

−1 −1
3.5124 3.4579

⎤⎥⎥⎦ ,

with a corresponding value of the log-likelihood of 798.52578. Since the log-
likelihood for the unrestricted model was 801.83601, the LR test is easily com-
puted as

LR = 2(801.83601 − 798.52578) = 6.62046.

With two constraints, this number needs to be matched against the χ2
2 distri-

bution, which yields a p-value of 3.65%, only slightly below the 5% threshold.
So, should this hypothesis be rejected? A p-value monkey would say “yes”;
someone willing to believe in the complete pass-through hypothesis on the
grounds of economic theory would label this result as a type I error and say
“no”. I’ll let readers make up their own minds.

6.A Assorted results

6.A.1 Outline of the proof of the Granger Representation The-
orem

Let us consider an n-dimensional I(1) stochastic process yt. Since ∆yt is sta-
tionary by hypothesis, it must have a Wold representation

∆yt = C(L)ϵt. (6.18)

We apply the Beveridge-Nelson decomposition to yt and obtain

yt = C(1)µt + C∗(L)ϵt. (6.19)

This decomposition exists for any multivariate I(1) process; if, however, the
system is cointegrated with cointegration rank r, there must exist an n × r
matrix β such that β′yt is stationary. Pre-multiplying equation (6.19) by β′, it
is immediately apparent that the only condition under which this is possible
is that

β′C(1) = 0.
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Since C(1) is an n × n matrix, this can only occur if C(1) is singular; more
specifically, its rank must not be greater than n − r. In our case, the condition
β′C(1) = 0 is ensured only if C(1) “begins with” β⊥, and therefore C(1) can
be written as

C(1) = β⊥Λ′. (6.20)

The matrix Λ is something we still know nothing about, except that it is an
n × (n − r) matrix, but we will get to that soon.

Suppose now that a VAR representation of yt exists, and that it is therefore
possible to write A(L)yt = ϵt; our objective now is to prove that A(1) can
be written as αβ′, and thus the ECM representation holds. To show this,
consider equations (6.6) and (6.7); it is clear that, if both the VAR and VMA
representations are valid, it must hold that

A(z)C(z) = C(z)A(z) = I · (1 − z). (6.21)

By setting z = 1 in equation (6.21), it is easy to deduce that

A(1)C(1) = C(1)A(1) = 0. (6.22)

By combining equations (6.20) and (6.22), we can state about A(1) that, if
C(1) “begins with” β⊥, then A(1) must “end with” β′; by the same reasoning,
it should be equally clear that A(1) must “begin with” Λ⊥. In summary, we
can say that A(1) must be of the form

A(1) = Λ⊥Kβ′,

where K is some invertible r × r matrix. And that is it. By defining α = Λ⊥K,
A(1) can be written as αβ′, as required.

The last remaining unresolved matter is this matrix Λ about which we
know nothing. We can try to see how it relates to α. We know that α = Λ⊥K,
and therefore Λ′α = 0; it follows that C(1) must be of the form

C(1) = β⊥Hα′⊥, (6.23)

where H is an (n − r)× (n − r) matrix whose elements are functions of the
parameters of the autoregressive representation.

Done. Although it is not obvious at first glance, these steps have produced
a very important result: the fact that the matrix C(1) can be mapped back
to the parameters of the ECM, based solely on the fact that C(1) must be
singular, ensures that the ECM representation of a cointegrated system always
exists.

The matrix H appearing in equation (6.23) does not have an immediate
interpretation, but, for those who enjoy this sort of thing, let us see how it is
structured: if we differentiate equation (6.21) with respect to z, we obtain

A(z)Ċ(z) + Ȧ(z)C(z) = −I. (6.24)

Note that we are not doing anything particularly esoteric here, but simply
differentiating a polynomial:

Ȧ(z) = A1 + 2A2z + 3A3z2 + . . . + pApzp−1 =
p

∑
i=1

iAizi
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and an analogous expression holds for Ċ(z). Equation (6.24), evaluated at
z = 1, yields

αβ′Ċ(1) + Ȧ(1)β⊥Hα′⊥ = −I, (6.25)

where, naturally, Ȧ(1) = ∑
p
i=1 iAi, which we assume to be of full rank. The

matrix in the previous expression can be pre-multiplied by α′⊥ and post-
multiplied by Ȧ(1)β⊥, yielding[︁

α′⊥ Ȧ(1)β⊥
]︁

H
[︁
α′⊥ Ȧ(1)β⊥

]︁
= −

[︁
α′⊥ Ȧ(1)β⊥

]︁
.

If the matrix to the right of the equals sign is invertible, we evidently have
H = −

[︁
α′⊥ Ȧ(1)β⊥

]︁−1.
I will only mention that this inverse exists if the system is indeed I(1). In

processes with a higher order of integration, the matrix is not invertible and
the theorem can be generalised, but everything becomes a little esoteric.

6.A.2 The Frisch-Waugh theorem

The Frisch-Waugh theorem is ubiquitous in econometrics. A full proof would
need a hefty investment in matrix algebra and the definition of projection
operators, but the gist of the theorem is rather simple: suppose that you want
to estimate to the following equation:

yt = xtβ + ztγ + ϵt

but you don’t really care for the parameter γ; all you’re interested in is β. Of
course, the easiest way is to apply OLS to the model above and then just use
β and ignore γ.

In some cases, however, it can be useful to have a way to recover the value
of β you would get from the procedure above without estimating the full
model. This is how you do it:

1. First you run an OLS regression of yt on zt alone and save the residuals
as uy

t ;

2. then you run an OLS regression of xt on xt alone and save the residuals
as ux

t ;

3. finally, you regress uy
t on ux

t ; the coefficient you get is the same β you
would have obtained by running OLS on the full model.
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Chapter 7

Persistent volatility

In the preceding chapters, we addressed persistence in time series from a
somewhat reductive point of view. In fact, we defined a process as persistent
when

f (xt) ̸= f (xt | Ft−1) , (7.1)

which implies the non-independence of a single element of the process, xt,
from its past history. Later, however, we did not actually address persistence
according to the definition just given, but we focused on rather a specific case,
namely

E(xt) ̸= E (xt | Ft−1) . (7.2)

In doing so, we implicitly assumed that, once persistence in the first moments
was accounted for, everything interesting was satisfactorily dealt with. In an
ARMA model, the conditional mean of yt does depend on Ft−1, but all the
remaining distributional properties are independent of time: for instance, if
we compare the marginal and conditional variance of an AR(1) process, they
are indeed different ( σ2

1−φ2 ̸= σ2), yet their difference does not depend in any
way on Ft−1.

In general, however, equation (7.2) is just a special case of (7.1). There may
be persistence features worthy of attention that have nothing to do with first
moments, but rather with other distributional characteristics. In this chapter,
we will discuss processes where persistence is mainly a second-moment phe-
nomenon, and we have good reasons for doing so: these processes are very
good at replicating certain features that are typical of financial time series.

7.1 Stylised facts

In Figure 7.1, you see the Nasdaq stock index (in logs), recorded daily between
2015 and 2024. As is evident from the plot, and confirmed by any unit root
test you can think of, considering this series as a realisation of an I(0) process
is untenable. This result that could be at least partly anticipated: in an efficient
market, the return on a financial asset must be a martingale difference process,
or at least closely resemble one.

145
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Figure 7.1: Nasdaq composite index – logarithms
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In fact, there are excellent theoretical reasons
why the price of a financial asset may not ne-
cessarily be a martingale difference process.
Apart from the obvious observation that mar-
kets are inevitably imperfect, it must also be
noted that this outcome derives from various
debatable assumptions.
These include the absence of information asym-
metries, the existence of a “representative
agent” who acts as a sort of average of all other
market participants, and the assumption that
this representative agent is risk-neutral rather
than risk-averse, and some more. This claim is

not by a rabid commie, as some would say; it is
by the prince of conservative economists him-
self, the Nobel laureate Robert Lucas.
Nevertheless, no one has yet discovered a
mechanical rule capable of predicting returns
(although, if anyone had found one, they
would hardly share it with you and me). It
must be said, however, that with very high fre-
quency data, such as tick-by-tick data, where
each and every transaction is recorded separ-
ately, these imperfections become very import-
ant. There’s an enormous amount of literature
on “microstructure”.

Figure 7.2: Nasdaq composite index – daily returns
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By taking differences, we obtain the returns, shown in Figure 7.2 (exactly
the same as Figure 1.5 on page 10). As expected, the returns do not display
significant correlations (see page 10, again). Notice, however, that the amp-
litude of the fluctuations varies over time, giving rise to something labelled
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“volatility clustering”, where periods of low volatility alternate with periods
when volatility is higher. This simple fact suggests that, although there is no
persistence in the mean, there might well be in the variance, or more generally
in volatility.

Volatility is very important in applied finance, because it is tightly linked
to risk: if persistence can be used for making forecasts on volatility, that would
be extremely useful in any situation when you have to deal with financial risk.

Figure 7.3: Nasdaq composite index – absolute returns
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Of course, we have a very precise word in econometrics to describe se-
quences of random variables with different variances: heteroskedasticity. The
object of this chapter is precisely to illustrate models that make heteroske-
dasticity a consequence of a (very special kind of) persistence.

The fact that volatility is indeed persistent can be clearly seen in Figure
7.3 (also presented earlier in Chapter 1), that reports the absolute value of
returns — a proxy for volatility. This series is subject to a certain degree of
persistence: its autocorrelations are reported in Table 7.1, and they are all
statistically significant. This means not only that we have heteroskedasticity,
but also (most importantly) that heteroskedasticity seems to follow some time
pattern.

Table 7.1: Autocorrelations of absolute returns
Lag 1 2 3 4 5 6 7 8 9 10
ρ̂ 0.284 0.309 0.289 0.283 0.265 0.280 0.236 0.231 0.234 0.220

Another highly common feature observed in high-frequency financial time
series has to do with the shape of their marginal distribution: in an ARMA
process of the form A(L)yt = C(L)ϵt, it is easily shown that if the joint distri-
bution of the ϵt is a multivariate normal, then the distribution of yt is likewise
normal. The marginal distribution of the Nasdaq index returns time series
reveals, by contrast, clear evidence of non-normality (see Figure 7.4), driven
primarily by excess kurtosis: the kurtosis of a random variable is its third



148 CHAPTER 7. PERSISTENT VOLATILITY

Figure 7.4: Nasdaq returns – marginal distribution
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moment (centred and standardised). If x is a zero-mean variable,

κx =
E(x4)

E(x2)2 .

If x is normally distributed, is kurtosis is 3. Since the normal distribution
serves as a benchmark, excess kurtosis is simply kurtosis minus 3. A distri-
bution with a kurtosis greater than 3 is said to be leptokurtic and exhibits
“fat tails”: even after standardising the distribution to have unit variance, the
probability of extreme events (or “outliers”, if you prefer) is higher than the
one implied by the normal distribution.

In the case of the Nasdaq returns, the sample excess kurtosis is 7.524;
Figure 7.4 also reports a normality test (the Doornik-Hansen test) equal to
1559.63; this number should come from a χ2

2 density under the null, so these
findings suggests, at the very least, that if we wished to fit an ARMA model
to the observed series, then Gaussianity would be a rather bold assumption;
we would rather need to select another type of distribution, preferably with
thicker tails. In fact, as we shall see, this feature goes hand in hand with the
previous one, since high kurtosis may be, at least in part, a by-product of
heteroskedasticity.

7.2 ARCH and GARCH processes

The class of GARCH stochastic processes has enjoyed immense popularity
because it manages to replicate the characteristics outlined in the previous
section in a simple, natural and elegant way by focusing on conditional het-
eroskedasticity: that is, the variability in the conditional variance of the pro-
cess, where the conditioning is on the past information set:

ht = V(yt|Ft−1).
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Just as ARMA models are a way to describe persistence in the conditional
mean, GARCH process do the same with the conditional variance. We begin
ARCH processes, a special case that started the whole subsequent literature.

7.2.1 ARCH processes

Generally speaking, a zero-mean conditionally heteroskedastic process (which
for the moment we assume to be observable) can always be written as:

ϵt = ut
√︁

ht, (7.3)

where ut is a zero-mean process with unit variance (possibly a persistent pro-
cess, although we’ll assume it’s not, for the moment) and ht is a sequence,
which can be deterministic or, more interestingly, can be a stochastic process
itself, which we shall always assume to be independent of ut. From the defin-
ition of variance, it clearly follows that Var(ϵt) = E(htu2

t ); since ut and ht are
independent, the expectation of the product is the product of the expected
values, and thus Var(ϵt) = E(ht)E(u2

t ) = E(ht). Note that the variance is con-
stant (and therefore the process is homoskedastic) only if E(ht) is a constant
sequence. Otherwise, we have heteroskedasticity.

Even at this stage, it is interesting to note that the kurtosis of ϵt is greater
than that of ut, simply as a consequence of heteroskedasticity. The proof is
essentially a straightforward application of Jensen’s inequality:1 the kurtosis
coefficient of ϵt can be written as

κϵ =
E(ϵ4

t )

E(ϵ2
t )

2
=

E(h2
t u4

t )

E(htu2
t )

2
,

but since ut and ht are independent, it follows that

κϵ =
E(h2

t )E(u4
t )

E(ht)2E(u2
t )

2
=

E(h2
t )

E(ht)2 κu;

since (by Jensen’s inequality) E(h2
t )> E(ht)2 for any non-degenerate distribu-

tion, we deduce that κϵ > κu.
In a conditionally heteroskedastic process of this type, therefore, if ut is

normal (and thus its kurtosis is 3), ϵt will certainly be leptokurtic. Note that
we have just found a link between two of the main stylised facts discussed
earlier.

Clearly, statistical modelling of processes of this type requires the specific-
ation of a functional form for ht, and of course, the simpler this form is, the
better. ARCH processes arise when ht is a linear function of past squared
values of ϵt, namely:

ht = c +
p

∑
i=1

aiϵ
2
t−i,

1For those in need: Jensen’s inequality states that if g(·) is a convex function, then E[g(X)] ≥
g[E(X)]. For example, E(X2) is always greater than or equal to E(X)2 (which is why the variance
is always non-negative). It is immediate to show that if the function is concave rather than convex,
the direction of the inequality is reversed.
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where ht is a deterministic function of variables belonging to Ft−1 (note that
the summation starts from 1, not from 0). Consequently,

V(ϵt|Ft−1) = E(ht|Ft−1) = ht.

An ARCH(p) model, therefore, describes a process ϵt (which, for simplicity,
at the moment we assume to be uncorrelated and with zero mean) where the
conditional variance is given by:

ht = Var(ϵt | Ft−1) = c + A(L)ϵ2
t−1, (7.4)

where A(L) is a lag polynomial of order q − 1 (note the “−1”).
To analyse the properties of the process, note that equation (7.4) implies

that the squares of the observed series are just an AR(q) process: define the
difference between ϵ2

t and its conditional mean as

ηt = ϵ2
t − ht. (7.5)

Clearly, this definition implies that ηt is a martingale difference sequence:

E [ηt|Ft−1] = E
[︂
ϵ2

t−1|Ft−1

]︂
− E [ht|Ft−1] = ht − ht = 0.

If we were willing to assume that the second moments of ηt exist, then all its
autocorrelations would be 0, so we could even say that ηt is white noise.2

From the definition of ηt, it obviously follows that3

ϵ2
t = c + A(L)ϵ2

t−1 + ηt =⇒ [1 − A(L)L]ϵ2
t = c + ηt (7.6)

so ϵ2
t is an AR(p) process. This is why the acronym ARCH (AutoRegressive

Conditional Heteroskedasticity) is used: what we have here is a conditionally
heteroskedastic process where heteroskedasticity is described by an autore-
gressive mechanism.

If the polynomial [1 − A(L)L] has no unit or explosive roots, then ϵ2
t has a

finite unconditional expected value equal to

E(ϵ2
t ) =

c
1 − A(1)

= E(ht).

Since E(ϵt) = 0 by assumption, the expected value of its square is also its
variance. In high-volatility periods, we would expect ϵt to be large in absolute
value, and so its square. But then, the autoregressive mechanism implied by
(7.6) implies that ϵ2

t+1 will be likely to be a large number too, so volatility will
be persistent.

Note that, unlike the ARMA case, special parameter constraints are needed
make an ARCH model reasonable: all the coefficients in the polynomial A(L)
in equation (7.4) must be positive. Otherwise, an event could potentially occur
that drives the conditional variance to be negative (which, you will admit,
would be rather embarrassing). Moreover, if we require the process to also
possess a marginal variance, we must rule out unit roots as well somehow.

2Of course, it would be a rather peculiar white noise process: for instance, while it is true that
its conditional mean is zero, this does not imply that ηt is independent of Ft−1. For example, its
support (the set of values over which its density is defined) is obviously bounded from below,
given that for ηt < −ht one would obtain a negative squared value (?) in equation (7.5).

3I hope readers will not find it insulting if I point out that A(L)ϵt−1 = A(L)Lϵt.
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Example 7.2.1 (ARCH(1)) An example of an ARCH(1) process is given by ϵt, where

ht = V (ϵt | Ft−1) = 0.1 + 0.8ϵ2
t−1.

The conditional variance of the process is therefore time-varying. However, in this
case, we can write

[1 − 0.8L]ϵ2
t = 0.1 + ηt

and it is easily seen that its unconditional variance of ϵt is constant and equal to

E
[︂
ϵ2

t−1

]︂
= E(ht) = V(ϵt) =

0.1
1 − 0.8

= 0.5.

In conclusion: ϵt is a process that features a finite and constant variance if
we consider its marginal distribution; however, the variance conditional on the
information set Ft−1 is none other than ht, which varies over t. This is precisely
why we speak of conditional heteroskedasticity.

7.2.2 Testing for volatility persistence

In the context of ARMA processes, the simple structure of the law of mo-
tion for the conditional variance makes it possible to devise a natural hetero-
skedasticity test, starting from the widely used Breusch-Pagan test. In the
Breusch-Pagan test, it is assumed that ht can be represented as ht = H(z′tγ)
where H(·) is some differentiable function (no need to specify a precise form).
It can be shown, through a rather ingenious procedure, that all you need is an
auxiliary regression of the form

e2
t = ϕ0 + z′tϕ1 + residuals.

The test statistic, based on the LM principle, is just the R2 index, multiplied
by the number of observations. Under appropriate hypotheses, this statistic
follows an asymptotic χ2 distribution with degrees of freedom equal to the
number of elements in ϕ1. In our case, the function H(·) is given by equation
(7.4); consequently, to test for ARCH effects, it is sufficient to run an OLS
regression of the squared residuals from a conditional mean model on their
own lags. This test is precisely known as the LM-ARCH test.

An ARCH process, therefore, has several characteristics that make it highly
appealing for modelling financial time series. However, the persistence struc-
ture of the volatility is such that, almost always, polynomials of very high
order are needed to replicate it. Consider Table 7.1: it is evident that the auto-
correlations are all “small”; nevertheless, a low-order autoregressive model is
not very suitable, since the autocorrelation structure is highly persistent.

Using many parameter is never nice, but in the present context it may be-
come problematic on account of the parameter constraints I described earlier,
so there is a possibility that the order of the polynomial A(·) may be too high
to be manageable in practice. By applying the same logic that led us to the
specification of ARMA models, we could alleviate (if not outright eliminate)
the problem by introducing a lag polynomial on the right-hand side of the
equal sign in (7.6) as well: doing so gives us GARCH processes.
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7.2.3 GARCH processes

GARCH processes are a generalisation of ARCH processes (GARCH stands
for Generalised ARCH), much in the same way that ARMA processes are a
generalisation of AR models: in GARCH processes, the conditional variance
depends not only on past values of ϵ2

t (as in ARCH models) but also on its
own past values:

ht = c + A(L)ϵ2
t−1 + B(L)ht−1, (7.7)

where the polynomials A(·) and B(·) are of order q− 1 and p− 1, respectively.
Using the same logic applied in the preceding subsection, we can show

that a GARCH(p,q) process can also be written as an ARMA process. Start
again from the definition of ηt:

ηt = ϵ2
t − ht;

by combining the definition above with (7.7), you get

ϵ2
t = c + A(L)ϵ2

t−1 + B(L)
[︂
ϵ2

t−1 − ηt−1

]︂
+ ηt,

which, in turn, yields

{1 − [A(L) + B(L)]L}ϵ2
t = c + (1 − B(L)L)ηt (7.8)

and therefore ϵ2
t is an ARMA(max(p,q), p) process.4

Interestingly, if the [1− B(L)L] polynomial is invertible, a GARCH process
can be re-expressed using the Wold representation for ϵ2

t :

ϵ2
t =

c
1 − B(1)

+
A(L)

1 − B(L)L
ϵ2

t−1 + ηt = µ + C(L)ϵ2
t−1 + ηt,

which is a MA(∞) process, equivalent to an ARCH(∞) specification.

Example 7.2.2 (GARCH(1,1)) Let us consider an example with a GARCH(1,1)
model. Suppose that:

ht = 0.5 + 0.3ϵ2
t−1 + 0.6ht−1.

Repeating the earlier reasoning, we can write:

ϵ2
t = 0.5 + 0.3ϵ2

t−1 + 0.6
[︂
ϵ2

t−1 − ηt−1

]︂
+ ηt,

which yields
[1 − 0.9L]ϵ2

t = 0.5 + (1 − 0.6L)ηt,

namely, an ARMA(1,1) process. In this case as well, the unconditional variance is
constant:

E
[︂
ϵ2

t−1

]︂
= E(ht) = V(ϵt) =

0.5
1 − 0.9

= 5.

4An algebraic detail: B(L) can be equal to 0, which would yield a simple ARCH process, but if
A(L) were equal to 0, the ARMA representation in equation (7.8) would contain a common factor,
meaning that B(L) would not be identified. See section 3.2.
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As with ARCH processes, to ensure the model is valid, some parameter
restrictions are necessary: the αi parameters must be strictly positive and the
βi parameters are non-negative.5

7.2.4 Estimation

How do we estimate GARCH models? One might consider equation (7.8) and
think: if ϵ2

t is an ARMA process, what’s the problem? Just compute the square
of ϵt and go ahead.

However, taking this approach raises several issues. To begin with, ϵt may
be unobservable. In fact, the models we estimate are almost always of the
form

yt = µt + ϵt,

where there is a conditional mean component (which can naturally include
a deterministic core, exogenous variables, lagged values of yt, etc.) whose
parameters are unknown, meaning that ϵt is not directly observable.

OK, I hear you say: let’s estimate the conditional mean first via standard
techniques (such as OLS or similar methods) and then work with the squared
residuals. Yes, in principle you could. However, this procedure is somewhat
rudimentary, although it can be shown to yield consistent estimators in many
cases. Moreover, this estimator would be inefficient. This efficiency loss comes
essentially from two aspects: first, we are estimating the parameters sequen-
tially rather than jointly. Second, the one-step-ahead forecast error in equation
(7.8), ηt, is evidently non-normal; for instance, as noted earlier, its support is
bounded. Furthermore, the variance of ηt is not guaranteed to exist (this can
be proven, though it is not essential here), which may seriously compromise
the asymptotic properties of the ARMA estimators, which are typically based
on a Gaussian likelihood.

Direct application of maximum likelihood is much preferable: once again,
sequential factorisation (see Section 3.3) comes to our aid. Assuming that the
conditional distribution of yt is Gaussian:

yt|Ft−1 ∼ N [µt, ht] ,

if we take y0 as fixed, the log-likelihood can be written as

L(θ) =
T

∑
t=1

ℓt, (7.9)

where

ℓt = log

[︄
1√︁

ht(θ)
ϕ

(︄
yt − µt(θ)√︁

ht(θ)

)︄]︄
= −1

2

[︃
log(ht(θ)) +

(yt − µt(θ))2

ht(θ)

]︃
5As elsewhere, I have simplified things a bit. In reality, the model is well-specified only

for those parameter values for which the ARCH(∞) representation yields exclusively positive
coefficients. In the GARCH(1,1) case, a necessary and sufficient condition is indeed that both
coefficients are positive and that their sum is strictly less than 1. For higher-order cases, more
intricate conditions, known as the Nelson-Cao conditions, apply.
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and θ is a vector containing the parameters of both the conditional mean
and conditional variance (as usual, I employ the notation ϕ(·) to denote the
standard normal density).

The maximisation process is carried out using the standard iterative meth-
ods discussed in section 3.1. In these cases, however, convergence is often
more elusive than in ARMA models; consequently, convergence failures are
uncommon, but not impossible.

In most cases, this is due to the parameter constraints discussed earlier.
It can happen that the maximum of the likelihood function lies outside the
set of admissible values for the parameters (for example, α + β < 1 for a
GARCH(1,1)). This can occur when the model is misspecified, or when the
sample size is too small.6

Typically, estimation routines incorporate specific checks to prevent the
log-likelihood from being evaluated at parameter values outside the admiss-
ible range. Since the iterative methods mentioned in section 3.1 are designed
to operate mechanically, one sometimes witnesses the sad spectacle of the al-
gorithm acting like a fly against a window pane: it throws itself against the
glass, hits it, bounces back, throws itself again, and so on ad libitum. In such
cases, there is little to do except try to improve the model specification and
invoke a deity of your choice.

Note that, in these cases, the problem stems
from the data, not from the software used for
estimation. Sometimes, however, the problem
is in fact the software.
A few years ago, I saw with my own eyes
a well-known commercial package yield a
GARCH(1,1) estimate with negative α. That
package had the surreptitious habit of present-

ing the estimates as though convergence had
been achieved, even when, in reality, the al-
gorithm had stopped simply because the max-
imum number of iterations had been reached.
Wow.
I don’t use that package, so I cannot check, but
I am told that in the meantime this debatable
behaviour has been fixed. Phew.

7.2.5 An example

Let us take the time series shown in Figure 7.2 and apply a GARCH model,
coupled with an AR(1) specification for the conditional mean. We estimate
the parameters in the two equations

yt = µ + φyt−1 + ϵt (7.10)

ht = c + aϵ2
t−1 + bht−1. (7.11)

Of course, we here assume that the observable process is yt, rather than ϵt.
The heteroskedastic component lies in the definition of the GARCH process ϵt,
the “disturbance term” of equation (7.10). A believer in the efficient markets
hypothesis could argue that the autoregressive term in the mean equation
(7.10) should not be necessary, but you never know, and it does no harm.

Moreover, one may ask: why p = q = 1, instead of a more general choice for
equation 7.11? First: this is just an example, ok? Second: most practitioners

6It should be noted that, in this context, 100 observations still constitute a very small sample.
Fortunately, in financial applications, data scarcity is almost never an issue.
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adopt this same choice routinely. It is quite unusual (although not impossible)
to find higher-order specifications in applied practice.

Table 7.2: GARCH (QML) estimates

Parameter Coefficient Std. error t-statistic p-value

µ 0.1039 0.0212 4.892 9.99E-07
φ -0.0402 0.0223 -1.801 0.0717
c 0.0478 0.0139 3.429 0.0006
a 0.1346 0.0228 5.917 3.27E-09
b 0.8408 0.0248 33.94 1.98E-252

Let us have a look at the estimates. The constant µ is significantly positive
is no surprise: it just means that, on average, daily returns are slightly positive
(the unconditional mean of yt is 0.062%) or, in other words, that series plotted
in Figure 7.1 goes up.

As we could have expected, there is very little persistence in the condi-
tional mean of the returns: the φ parameter is not very significant, and be-
sides, it is very small in absolute value. You could read it as: suppose that on
day t the Nasdaq index gained 2% (quite a lot). What should we expect for
the next day? Our forecast would be ŷT+1 = 0.1039 − 0.0402 × 2% = 0.0235%.
What if the Nasdaq index had gone down by 2% (again, quite a lot)? In that
case, ŷT+1 = 0.1039+ 0.0402× 2% = 0.1843%. As you can see, the difference is
quite small and certainly cannot be used for a fire-proof trading strategy. The
weak evidence we have for a very moderate negative persistence is just the
consequence of the well-known tendency of markets to “rebound” after a par-
ticularly bad day. So, in short, there is very little persistence in the conditional
mean, if any at all.

On the other hand, there is clear evidence of persistence in the variance:
the parameters a and b are both well away from 0, thus indicating a substan-
tial GARCH effect. More to the point: the estimates imply that the ARMA
representation for ϵ2

t is given by:

[1 − (a + b)L]ϵ2
t = c + ηt − bηt−1,

that is

(1 − 0.9754L)ϵ2
t = 0.0478 + ηt − 0.8408ηt−1.

It can easily seen that ϵ2
t is a highly persistent process, with an AR coefficient

suspiciously close to 1. This is no coincidence: the vast majority of daily
financial time series exhibit the same behaviour. Indeed, there are models (the
so-called IGARCH models) in which a unit root on ϵ2

t is assumed.
From the estimates above, the unconditional variance of yt can be consist-

ently estimated as

V(yt) =
c

1 − a − b
= 1.943;
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the order of magnitude of the unconditional variance could have also been
estimated using the sample variance of yt (also a consistent estimator), which
is indeed 1.8704.

Figure 7.5: Nasdaq index returns – residuals and estimated standard deviation
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The ht series can be reconstructed ex post from the forecast errors et and
the parameter estimates as follows: we set ĥ0 to a “plausible” value (any
estimate of the unconditional variance will do perfectly well), after which we
can compute ĥt as

ĥt = ĉ + âe2
t−1 + b̂ĥt−1;

a fairly common way to present these results is in a plot such as the one in
Figure 7.5. The two series drawn in blue are ±

√︁
ĥt, namely the estimated

conditional standard deviation and its negative.7 As one would expect, the
residuals — very similar to the series itself, given that the conditional mean
is close to zero — are “contained” within these standard deviation bands a
high proportion of the time. Note also how, whenever a substantial change in
the index occurs (and thus a time series value very far from 0), the estimated
value of ht increases immediately afterwards, only to decline gradually until
the next shock. Looking at some descriptive statistics for ĥt, several interesting
details emerge: the mean is 1.8697 (again, a consistent estimate of the uncon-
ditional variance), while the minimum and maximum are 0.3662 and 49.694,
respectively (0.6051 and 7.049 in terms of standard deviation). These numbers
clearly convey how volatility fluctuates within the sample under considera-
tion which, it is worth recalling, includes both the COVID pandemic and the
start of the Ukraine war. Clearly, once the estimates are obtained, we can also
set up a forecasting model: not so much for the conditional mean (as there
is very little exploitable persistence), but rather for the volatility. Indeed, it
is sufficient to take equation (7.11) and replace the true parameters with their
estimated counterparts.

It is also interesting to note that the model does a decent job at account-
ing for the leptokurtic marginal distribution of the returns. We compute the

7If ϵt is normal, the red line should be between the blue lines with 68.3% probability.
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“standardised” returns as
ut =

yt√︁
ĥt

and obtain the time series shown in Figure 7.6 (left-hand pane). It is visually
apparent that heteroskedasticity has disappeared, or nearly so. More interest-
ingly, the excess kurtosis of the transformed time series reduces to 1.678, while
the Doornik-Hansen test statistic equals 161.674. Non-normality is certainly
still there, but to a much lesser extent. It can be deduced that non-normality
of the marginal distribution of yt is largely, although not entirely, attributable
to the GARCH effect.

Figure 7.6: Nasdaq returns standardised residuals
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7.3 Extensions

7.3.1 Non-normal distributions

In the example of the previous section, we saw that volatility persistence
provided a partial, but not comprehensive explanation for excess kurtosis:
even after normalising the time series of residuals by the estimated standard
deviation, outliers remain such that the normality hypothesis becomes unten-
able.

This finding is very common. Therefore, one often uses distributions
whose kurtosis can take a value other than 3 are sometimes employed, rather
than the normal density; the two most widely used are the Student’s t or the
Generalised Error Distribution, or GED for short.

These two distributions feature density functions that depend on an ad-
ditional parameter, ν, which must also be estimated alongside those of the
mean and variance. For the t-distribution, the parameter ν (not necessarily an
integer) is always positive and is termed the “degrees of freedom” parameter;
for any value of this parameter, the corresponding density has fat tails, but it
converges to the normal distribution as ν → ∞. For the GED case, ν is also a
positive real number, but the excess kurtosis is positive for ν < 2 and negative
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for ν > 2. The value 2 is special because the GED density with parameter 2 co-
incides with the normal distribution (in other words, the normal distribution
is a special case of the GED). The analytical expressions for these two densities
omitted here, but one gets an intuitive feel by considering Figure 7.7, which
displays the densities of the t and GED distributions (normalised to have unit
variance) for various values of ν.

Therefore, a viable empirical strategy may involve estimating a GARCH
model under an alternative distributional assumption, which amounts to em-
ploying a different definition of ℓt in equation (7.9). If the GED distribution is
used, one also benefits from the advantage of being able to test the normality
hypothesis by means of the restriction ν = 2. However, the issue encountered
in these cases is that the numerical maximisation of the log-likelihood is con-
siderably more demanding from a computational perspective: given that, as
previously noted, the non-convergence of a GARCH estimate is an uncommon
but by no means impossible event, this further challenge risks introducing ad-
ditional complications.

More generally, however, you can never be sure that the density function
you choose (be it normal, t or GED) is the “true” one. This why an estima-
tion method known as quasi-maximum likelihood (QML) is very often used. The
underlying idea is that, under certain regularity conditions (which are omit-
ted here, but are not particularly stringent), the parameter estimates obtained
by maximising a certain likelihood remain consistent, albeit inefficient, even
if the “true” density is different. What is not consistent is the estimator of
the parameter covariance matrix. However, there’s a remedy: a robust estim-
ator, known as “sandwich” estimator, is available in all econometric software
packages. The one typically used in this context is the so-called Bollerslev–
Wooldridge estimator. The estimates presented earlier in Table 7.2 were in fact
obtained using robust standard errors.8

Finally, it must be mentioned that sometimes it could be useful to employ
“skewed” variants of the densities mentioned above, to account for the fact
that the density of unconditional return may not be symmetric (look at Figures
7.4 and 7.6). Although fat tails can account for large outliers, they cannot
account that negative outliers can often be much larger than positive outliers:
in fact, we call them “market crashes”.

7.3.2 The GARCH zoo

The ARCH and GARCH models I described in the previous sections were
introduced in 1982 (by Robert Engle) and in 1986 (by Tim Bollerslev), re-
spectively. I suppose most readers have no personal memory of those years,
but I am old enough to remember them very well. Those were the years of

8The logic is identical to the one which motivates, for instance, the usage of White’s covariance
estimator in a cross-sectional regression: in that case, we keep OLS as our estimator of choice
because it is inefficient but consistent. We accept the inherent efficiency loss (not necessarily
huge) in return for robust inference.

The similarity between the two scenarios is no coincidence: the entire underlying theory was
developed through the analysis of misspecified models, pioneered, as it happens, by none other
than Halbert White.
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Figure 7.7: Alternative Distributions
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Madonna, Back to the Future, shoulder pads, the first PCs and unfettered op-
timism about capitalism.

Any econometrician who could come up with a new shiny idea could
aspire to academic success, and possibly accumulate considerable wealth in
the process. As you can imagine, there was some proliferation of GARCH
variants. Needless to say, only few of them stood the test of time. In this
section, I will review a few variations on the GARCH theme that have been
put forward and are still in use today.

Asymmetric effects

A common stylised fact I haven’t mentioned so far goes under the name of
leverage effect. To see what it is, consider equation (7.7): by the mechanism I
described in section 7.2.1, a large shock at time t − 1 raises variance at time t,
which in turn makes large shocks more likely, and so on.

However, a commonly observed empirical phenomenon is that large neg-
ative shocks seem to increase volatility more than positive ones. Therefore, it
may be desirable to incorporate this asymmetry in the equation for ht. The
most widely used GARCH variant to incorporate asymmetric effects is the so-
called GJR model (after its inventors Glosten, Jagannathan and Runkle). The
law of motion for the GJR model can be specified in two equivalent ways:9

ht = c + A(L) [ϵt−1 + γ|ϵt−1|]2 + B(L)ht−1. (7.12)

ht = c + A(L)
(︂

ϵ2
t−1 + γdt−1ϵ2

t−1

)︂
+ B(L)ht−1. (7.13)

where dt = 1 if ϵt < 0 and 0 otherwise. In both formulations, the parameter
γ measures the strength of the asymmetry effect: if γ = 0, you go back to an
ordinary GARCH model.

Note: the asymmetry effect we’re dealing with here is different from the
asymmetry in the density I discussed at the end of Section 7.3.1. Asymmetry
in the density affect possible differences in the probability of observing large
positive vs negative outliers. Here, we’re considering the effect of positive vs
negative shocks on the conditional volatility.

For example: Table 7.3 reports the estimates for the same data as Table 7.2,
with two differences: (a) a GJR model was used (see eq. (7.12)) and (b) I used
a GED density for ϵt. The most important results are:

• the autoregressive parameter φ is no longer significant.

• The γ parameter is very significant; therefore, there is strong evidence
of leverage effect.

• A standard test for H0 : ν = 2 is strongly rejected; therefore, the distribu-
tion tails are indeed quite thick and ϵt is, without doubt, non-normal.

Finally: the GJR model admits the GARCH model as a nested case. Fol-
lowing this logic, a model called APARCH has been devised, which contains
quite a few members of the GARCH family as special cases.

9Where proving the equivalence is, as usual, left to an exercise for the reader.
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Table 7.3: GJR/GED estimates

Parameter Coefficient Std. error t-statistic p-value

µ 0.0912 0.0240 3.802 0.0001
φ -0.0240 0.0217 -1.105 0.269
c 0.0349 0.0104 3.366 0.0008
a 0.0898 0.0204 4.412 1.02E-05
γ 0.4955 0.1413 3.507 0.0005
b 0.8678 0.0203 42.79 0
ν 1.2048 0.0525 22.96 1.15E-116

EGARCH

The EGARCH model was proposed by Daniel Nelson in 1991, and is based
on a simple idea: ht is a variance, so it must be positive. This, as we saw
earlier, makes it necessary to enforce certain restrictions on the parameters for
its law of motion (7.7). By considering its logarithm instead, these problems
disappear. In the EGARCH (Exponential GARCH) model, equations (7.7) or
(7.12) are replaced by something like:10

ln ht = c + A(L) [ut−1 + γ|ut−1|]2 + B(L) ln ht−1. (7.14)

The EGARCH model is quite popular, and has pros and cons. Its main
advantages are that it incorporates the concept of asymmetric effects in a very
natural way. Moreover, there is no need to impose non-negativity constraints
on the parameters. Thus, the convergence problems that occasionally affect
standard GARCH models do not arise.

On the other hand, deriving analytical derivatives for the EGARCH model
is complicated, and almost no software package that I am aware of does so;
for the most part, routines rely on numerical differentiation. Consequently,
convergence and/or numerical precision issues may arise. As for forecasting,
if a forecast for ht is required, determining how to compute it is far from
straightforward. Recall that, typically, the conditional mean is used as the
predictor, but the EGARCH specification provides, at most, the expected value
of ln ht. As is well known:

E(eX) ̸= eE(X)

and therefore simply exponentiating ˆ︃ln ht yields a predictor with properties
that are not entirely clear. Almost invariably, practitioners use the bootstrap.

GARCH-in-mean

Financial theory predicts the existence of something called “risk premium”:
for a risk-adverse investor, a risky asset can be considered equivalent to a risk-
free asset only if it gives higher return (think stocks vs bonds vs cash). If yt

10This formulation is slightly less general than the “true” one, but it is the one most frequently
adopted
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is the return of an asset and ht is its volatility, then one may expect a positive
relationship between the two.

This is the base intuition behind GARCH-in-mean models, where ht enters
the conditional mean equation:

yt = x′tβ + ψht + ϵt (7.15)

ht = V(ϵt|Ft−1). (7.16)

In some cases, equation (7.15) is modified to use the conditional standard
deviation

√
ht, but the rationale is the same.

In such a context, therefore, the parameter ψ is easily interpreted as a meas-
ure of the risk premium: it indicates by how much the return must change
as its own volatility increases. In practice, however, these models have be-
come somewhat obsolete, because the “risk-premium term” ψht frequently
captures other effects omitted from the observable information set rather than
the risk premium itself, often leading to estimates of the parameter ψ that are
incompatible with reasonable values. To quote Tim Bollerslev, the inventor of
GARCH:

[. . . ] estimates based on GARCH-in-mean models, or simple regressions
of returns on lagged measures of volatility and/or surprises therein, often
fail to establish a significant risk-return tradeoff relationship, and some-
times even suggest that expected returns and volatility are negatively
related. (in Bollerslev, 2022)

Work in progress from now on

MEM

In some cases, you want to model things that are (apparently) only vaguely re-
lated with volatitlity, such as durations or volumes, that are positive. . . . MEM
. . .

Oddly enough, in its most basic form a MEM model is just a GARCH in
disguise. . .

GAS

GAS stands for “Generalized Autoregressive Score”: . . . GARCH is a special
case under Gaussianity . . .

7.4 Stochastic volatility

Unobservable components . . . log ht is an unobservable AR(1) process . . . note
that this is not the same as an ARCH/EGARCH process, since log ht is not
driven by ϵt, but follows an independent path . . .
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7.5 Realised volatility

The need for estimating ht comes from the fact that the variance of a random
variable is unobservable; therefore, we estimate it by using some parametric
assumption. Therefore, you apply GARCH models to daily data to estimate
the daily conditional variance of yt.

However, if one had intra-period data (such as 15-minute or 5-minute
data), then the volatility for a given day would be directly estimable. These
datasets have been available since the beginning of the XXI century, so con-
siderable work and effort have been devoted to this topic.

Suppose we have 5-minute observations for the log price of an asset pt: a
whole day’s worth of observation can therefore be represented as

pt,0, pt,1, pt,2, . . . pt,(h−1), pt,h

where the second index identifies the 5-minute interval, so you have h + 1
such intervals in one day. By defining

rt,j = pt,j − pt,(j−1),

the high-frequency returns, you could compute “realised volatility” as

RVt =
1
h

h

∑
j=1

r2
t,j

• Is this a good measure? The theory you need involves the analysis of
continuous-time stochastic processes (too advanced);

• there are literally hundreds of alternatives, but apparently the 5-minute
naive thing is hard to beat.

• Are parametric models avalaible for forecasting volatility starting from
RV? Yes.

. . .

7.6 Multivariate models

Problems:

1. very large number of unknown parameters,

2. definitness of the matrix Σt

• CCC/DCC (many different varieties)

• BEKK

In both cases, to reduce the computational complexity of the problem, you
use “variance targeting”. . .
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Chapter 8

Further reading (not really
updated very much)

8.1 In general

This text does not assume more than a basic knowledge of the fundamentals
of statistics and econometrics. In many instances, this has led to rather drastic
simplifications. To begin with, the expert reader will have noticed a sovereign
disregard for the highly technical aspects of a probabilistic and inferential
nature, which, especially in the analysis of non-stationary processes, can be
remarkably demanding. If you are genuinely fond of theory (like the gut who
wants to know what ergodicity and mixing really are), then take a look at Dav-
idson (1994), which is marvellous (though it requires a bit of effort). McCabe
and Tremayne (1993) is somewhat more accessible. For the asymptotics of ML
estimators, it’s hard not to recommend Duffy (2018). Martin et al. (2012) de-
vote nearly half of their book to methodology, so you may want to check that
out too.

In fact, what you need to know to follow up on the many occasions where
I suggest consulting the relevant literature can be found in any econometrics
textbook, at any level. Greene (2018) or Verbeek (2017) are perfectly OK; I
personally adore Davidson and MacKinnon (2021), which is more advanced
but absolutely recommended for an in-depth study. If you want a book of
inferior quality, but whose style and notation are very consistent with the
ones used here, go for Lucchetti (2026).

It should also be noted that a topic which is conspicuous by its absence
in these notes is spectral analysis. The great classic on spectral analysis is
Brillinger (2001). Shumway and Stoffer (2014) is also excellent (although not
specifically tailored to economists) and contains a thorough account of nearly
everything you con find here. Brockwell and Davis (1991) is splendid, al-
though sadly a bit outdated now.

165
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8.2 Univariate Stochastic Processes

On univariate stationary time series, a few very old sources are worth giving a
look: for example, Granger and Newbold (1986), Hamilton (1994) and Brock-
well and Davis (1991). A textbook with a very distinctive approach, which
one may either love or hate (I love it), is Harvey (1993). Also of great interest
is Sargent (1987), primarily because it demonstrates how certain time series
analysis concepts (which, moreover, it explains exceptionally well) are applic-
able within an economic-theoretical framework rather than a purely statistical
one.

A more recent book you should definitely get hold of is, again, Shumway
and Stoffer (2014).

8.3 VAR processes

Hamilton (1994) is a great classic but, unfortunately, quite outdated now. I
recommend Lütkepohl (2005) or Kilian and Lütkepohl (2017), which is more
heavily focussed on structural VARs. For those interested in the historical
development of econometric ideas, reading the article that initiated the en-
tire VAR literature, namely Sims (1980) is almost mandatory; it also contains
interesting reflections on the use of time series analysis in economics.

8.4 I(1) processes and cointegration

Here we enter a somewhat more technical field, and it is difficult to recom-
mend works that are not somewhat advanced. Hamilton (1994) is an excellent
departure point, even though I consider it somewhat convoluted on certain
topics, and it shows its age here and there. On the other hand, Maddala and
Kim (1998) is a textbook with a completely different framework: it features
no lengthy theorem proofs, but offers a monstrously comprehensive review
of the relevant literature, coupled with assessments that are often sharp yet
always insightful. Also recent and, in some respects, ingenious is Davidson
(2000). If you really wnaty to know all you’ll ever need on univariate unit
roots, go for Choi (2015).

A highly interesting textbook that, in my view, balances theory and prac-
tice remarkably well is Banerjee et al. (1993). At a more accessible level, I
recommend Enders (1995) and Cuthberson et al. (1992). From a theoretical
standpoint, the properties of integrated series have been extensively studied,
most notably by P.C.B. Phillips, who expressed himself at his best in a series
of papers, among which I particularly recommend Phillips (1986) and Phillips
and Durlauf (1986). Also highly interesting and more closely tailored to the
applied economist is Campbell and Perron (1991).

Regarding non-stationary VARs, a recent and very pleasant reference is
Mills (1998), which contains a readable overview of topics usually considered
rather esoteric, such as Granger-causality tests in cointegrated VARs. For a
more extensive reference on the interpretation of cointegrated models, and
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especially on their link with ECMs, one cannot fail to recommend the father
of Error Correction Models himself, David Hendry: among his vast body of
work, it is worth highlighting Hendry (1995), alongside the previously men-
tioned Banerjee et al. (1993).

As for Johansen’s procedure, the primary source is naturally Johansen
himself in Johansen (1995). This book is somewhat demanding; thus, those
wishing to merely get an overview can comfortably rely on Hamilton (1994),
which also explains the Fully-Modified OLS technique reasonably well, or on
Johansen (2000), which is recent and concise. Juselius (2006) is clear, compre-
hensive and full of applied examples.

Boswijk and Doornik (2003) is a well-crafted paper that moreover has the
merit of being downloadable from the Internet (for the time being). Also
worth noting is Hargreaves (1994), which provides a very relaxed, albeit some-
what dated, examination of the main estimation methods for cointegrating
vectors. At any rate, so many textbooks on cointegration have been published
that it is difficult even to keep track of them; one highly introductory text
that I consider particularly effective from a pedagogical perspective is Harris
(1995).

8.5 Conditional heteroskedastic processes

Since you will have undoubtedly photocopied or downloaded it by now (or
better yet, bought it), Hamilton (1994) contains a far from superficial discus-
sion of ARCH/GARCH models. Nevertheless, I am obliged to direct anyone
wishing to delve deeper to Bollerslev et al. (1994), which remains the abso-
lute Bible on the subject, even if it is no longer entirely up to date. On the
other hand, Mikosch et al. (2009) is very detailed, introductory, and very well
reasoned.

It is true, however, that with the explosion of GARCH applications in fin-
ance, the bibliographical references have become countless. In fact, an inde-
pendent literary genre has emerged, which masterfully blends finance and
econometrics. Along these lines, the classic reference is Campbell et al. (1997).
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DS (Difference-Stationary), 61
EGARCH, 161
GARCH, 152
MA (moving average), 17
mean-reverting, 63
Multiplicative ARMA, 28
multivariate, 83
Seasonal ARMA, 28
TS (Trend-Stationary), 60
VAR (vector autoregressive), 85

Structural shocks, 103

Test
Ljung-Box, 40
LM-ARCH, 151
unit root, 69
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stochastic, 64

Unit root, 22, 62
Unit root test

ADF-GLS, 73, 74
Augmented Dickey-Fuller (ADF),
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